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1.Exercises on Strict Exogeneity

i.) Suppose we have the classical linear regression model with the usual assump-
tions (1-4). Show that

E(eigj | X) = E(ei] X) - E(g; | X)
Proof. We have the following model in mind
yi=z B+e

recall that the strict exogeneity assumption implies that E(eg;] X) = 0 Vi.In
fact, both RHS and LHS (4.assumption) are equal to 0. We will exploit
the Law of Iterated expectations (Theorem on Page 31, SFN), namely

EEY | Fxz) | Fx)) = EY | Fx)
Fx C FX,Z

Also notice that
(€i, .Ti) 1 (6j,$1, ..xi_l,xi+1...xn)

Then

E(eig; | X) = ""PE[E(ee; | ¢;X) | X] = Elej E(e] £;X) | X]
= YElg E(si] Xi) | Xj] = E(ei] Xi) - E(g5 | X;)



ii.) Show that in the model y; = T B + i,
E(gi|X) = 0Vi & E(y;| X) = 2 5.
Proof. "= 7 E(y; | X) = E(w?ﬁ—&—si | X) = E(xf6|X)+E(52 | X)=*5¢ mlTﬂ

"="B(y; | X) =28 = y; = 2B +¢; and E(g;| X) = 0. Since
g; = yi — ! B, given hypothesis ¢; = y; — E(y; | X), we apply conditional
expectation

B(si| X) = E(y;| X) — E(E(yi| X) | X) =28~ E(z{ 8| X) =0.

iii.) Given the spherical error variance assumption (E(e?| X) = 0%, E(gg; |
X)=0,i# j) and strict exogeneity show that

var(e;) = 0%, cov(gie; ) = 0,i # j
Proof. We will use the variance and covariance formulas

var(e;) = B(ef) - B(e:)* =""" E[ B(e}| X)] - E[ E(ei| X)* =0?

K2

cov(eiej) = Bleigj) — Blei)E(e;) =""F E(B(eig; | X)) — E(E(ei| X)) E(E(g5] X)) =0
2.0LS Normal Equations

We have the following model

yi = xlB+e ,i=1.n
T14 B1
T24 B

Tikxyy — : ) B(le) =
TKi B

in the lecture notes we showed that

& = yi—alp
bors = argmin SSR(S)
B

SSR(B) RE SR
Bors = bows=(X"X)"' X"y
In order to avoid confusion with notation, it’s worth mentioning that the
values with tildas are the hypothetical values, the OLS estimate is conventionally

denoted by o (with a hat), but we used the book notation in lecture notes,
i.e bOLS~

It is a common practice to regress the dependent variable y on independent
variables (sample data) and on a constant. (the intercept). The constant



variable is seen in the regressor matrix X as the first column of ones, so it
might be useful to seperate the matrix into the constant variable and the rest
of the independent variables as follows

y = XB+e
X = [n X2
1
1
m1(71)(1) 1 - .
1
XQ(nx(kq)) = [ To X3 . . Ty ]

from now on we will denote the sample estimate values with hat, i.e. 3,2, 7.

B: l A/Bl(lxl) ]
BQ(K—I)xl (k><1)

Recall that we obtained the following from the normal equations
X"y = X"X Bors
17 17 3,
IR RERR

EER R
X3y Kx1 X7 - [18; + X2f,]

we will focus only on the first row, on the LHS we have 17 -y = n.y, where §
is the arithmetic mean, i.e § = Z’:le Similarly, 1713, = nf3,, and we define

T — .
L X xT , SO we obtain
n 1x(k—1)
. s
ny = nB;+x30,
S s
B = y—%30,

that is the formula for the intercept estimate. Notice that, first we have to

find the slope estimates 35, then we can obtain using this formula the intercept
estimate.

3. Sample Mean of Fitted Values

Another implication of including constant term into the regression is that
the sample mean of the fitted values is equal to the mean of the dependent
variable. This exercise asks for the proof of this statement, namely we need to
show that

y=y



Proof. We obtain the fitted values by
= W§B
[1 X ]
= B1 + szB2

Y g <>
|

where we split the B vector as above, using the last formula we found in the
previous example

Ui = By+alBy=y—%3By+alB,
n

YoGio= > G-XiBo+a!By) =g —nxyBy+ Y By =

=1 i=1 i=1

ny = ny—nxjBy+nxs B,
0

4. Decomposition of Sample Deviation (centered R*=coeffient of
determination)
We need to show (1.2.17, Hayashi) that

n n n

-9 => G-9)>+ ) &

=1 =1 1=1

Proof. First note the difference between the uncentered and centered R2.
The uncentered R? is derived from

y'y = yTg+e’e
T~ A~

R - 1_°°_Yy

e yTy  yTy

given that we have a constant regressor along with other nonconstant re-
gressors and recalling from the previos exercise y = ,

AT~ =2 T~
y'y—ny’ =3"7-nj +2'¢
first analyze the LHS

n

n n
yy—ng® = > wi—9)’=> vy -2 yitny’ =
=1 =1

=1

n
= > yi-ng’ =y y—ng’
=1



now we have to show that

n

~ _ T~ =2

@G-9* = §5-np
i=1

sincey = 7§

n n _ 72
SG-9 = G- =TG-
i=1 i=1
Hence we have shown that
n n n

i=1 i=1 i=1

From this the coefficient of determination R? is defined

T s =2
R_1__°¢ _yy-ny
C — .
yTy —ny?  yTy — ny?

Provided that the regressors include a constant, 0 < R?z <1, and it is a
measure of the explanatory power of the nonconstant independent variables, in
other words, numbers close to 1 tells us, most of the variation of the depen-
dent variable can be explained with the variation of the independent variables
included in the model.

5. Some Sample Identities
Two important identities to note are the projection matrix P and the
annihilator matrix M, defined as follows

Ploxny = X(XTX)7'XT
Muyxn = L,—P=I,—-X(X"X)"'X"
In this exercise we will prove the nice properies of these two matrices.

Show that both are symmetric (AT = A) and idempotent (A = A%) matrices
Proof.

PT = (X(XTX)' XY =x(X"X)"'XT=P
M' = I -P"=M
PP = X(XTX)"'XTx(XTXx)"1xT=x(XTXx)"'xT=p
MM = (I,-P)I1,-P)=1,-P—-P+PP=1,-P=M
Show that
PX = X = projection
MX = 0= annihilator



Proof.

PX = X(XTX)'XTXx=X
MX = I,-P)X=X-X=0.
Show that
y = Py
g = My=Me
Proof.
7 = XB=XX"X)"'XTy=ry
t = y-XB=Ly—-Py=~1,-Ply=My
e = My=M(Xp+e)=MXB+ Me=DMe
since MX = 0.

these matrices provide useful shortcuts for calculations, e.g

SSR = e'Me
e = Me
T = TMMe=<"Me.
SSR = (y—XB)T(y—XB)=cleg=c"Me
T = y"MMy=y"My=SSR.

6. Effects of Change in Unit of Measurement
We might be interested to see how the changes in measurement units affect
certain values, such as

i.) OLS estimate
ii.) SSR
iii.) R2
Below we analyze three different cases and compare with the benchmark

model in order to see the effects of measurement unit change on abovementioned
values;

Benchmark model : y=Wg@+¢
B o= (XTX)7'xTy
SSrR . &'z



a.) Change in dependent variable:

i) SSR:fj=Y-Wi=2-Wl =25 575=52 2 S9R, = LISR..

SSR, 2255 _po

iii.) RzR?]:]._W:].—

b.) Change in independent variables:

1
y=-—Wy+n
a

i.) OLS estimate: § = (WTT%)*WTTy = af.

ii.) SSR: 7=y~ W5 =y Wa3=2= SSR, = SSR..
iii.) R?: TSS, = T'SS, =R2 =R2.

c.) Change in both dependent and independent variables:
1 1
—y=-—Wry+n
a a
i.) OLS estimate: ¥ = (W—Tﬂ)*lféy = 3.
w

ii.) SSR:7jj=1y - W51y W5_1z_ GGR, = LSSR..
iii.) R>: 7SS, = 5T5S. =R? =R2.

Note that, in all three cases R? remain the same, so one cannot change the
fit of the model by simply changing the unit of measurement of the variables.



