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OUTLINE
1:NTS:var(�̂) = E[var(�̂jX)] + var[E(�̂jX)]
2:NTS: cov(�̂OLS ; "̂jX) = 0
3: NTS: var(s2jX)
4: One tailed t-test

5: M. S. Bartlett Identities

1: We have to show that

var(�̂) = E[var(�̂jX)] + var[E(�̂jX)]

Proof. We have the following hint: By de�nition

var(�̂jX) = E[(�̂ � E(�̂jX))(�̂ � E(�̂jX))T j X]

and also

var[E(�̂jX)] = Ef[E(�̂jX)� E(�̂)][E(�̂jX)� E(�̂)]T g

Let

d = �̂ � E(�̂jX)
a = �̂ � E(�̂)
c = E(�̂jX)� E(�̂)

then we observe �rst that

d = a� c
ddT = aaT � caT � acT + ccT

by taking the unconditional expectation and using the linearity of the ex-
pectation we have

E(ddT ) = E(aaT )� E(caT )� E(acT ) + E(ccT )
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By Law of Total expectation

E(ddT ) = E(E(ddT jX)

inserting the expressions and using the �rst hint

E(ddT ) = E[(�̂ � E(�̂jX))(�̂ � E(�̂jX))T j X] = E[var(�̂jX)]

By de�nition of variance

E(aaT ) = var(�̂)

From the second hint we know that

E(ccT ) = var[E(�̂jX)]

Finally we need to show what E(caT ) is. We �rst exploit Law of Total
expectations

E(caT ) = E[E(caT jX)]
then inserting the expressions

E[E(caT jX)] = EfE[E(�̂jX)� E(�̂)(�̂ � E(�̂))T jX]g
= EfE(�̂jX)� E(�̂)E[(�̂ � E(�̂))T jX]g
= EfE(�̂jX)� E(�̂)(E[(�̂jX]� E(�̂)T )g
= E(ccT ) = var[E(�̂jX)]

The same way
E(acT ) = var[E(�̂jX)]

So we have shown that

E(ddT ) = E(aaT )� E(caT )� E(acT ) + E(ccT )
E[var(�̂jX)] = var(�̂)� 2var[E(�̂jX)] + var[E(�̂jX)]
E[var(�̂jX)] = var(�̂)� var[E(�̂jX)]

var(�̂) = E[var(�̂jX)] + var[E(�̂jX)]:

2: We have to show the 4th �nite sample property of OLS that we have
introduced in class, namely

cov(�̂OLS ; "̂jX) = 0

Proof. Under the assumptions 1-4 of the classical regression model, �rst
we exploit the de�nition

cov(�̂OLS ; "̂jX) = E[(�̂OLS � E(�̂jX))("̂� E("̂jX))T jX]
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by the unbiasedness property of OLS, i.e E(�̂jX) = � and strict exogeneity
of error terms, i.e E("̂jX) = 0

E[(�̂OLS � �)"̂T jX]

recall from the lecture that the sampling error is

(�̂OLS � �) = (XTX)�1Xy � � = (XTX)�1X(X� + ")� � = (XTX)�1X"

and

"̂ = M") "̂T = "TM

M = (In �X(XTX)�1XT )

M = MT M =MM

given these expressions we have

E[(XTX)�1X""TM jX] = (XTX)�1XE[""T jX]M = �2(XTX)�1XM

recall that annihilator matrix

XM = 0) �2(XTX)�1XM ) cov(�̂OLS ; "̂jX) = 0:

3: We have to show that under the assumptions 1-5

var(s2jX) = 2�4

n�K
Proof. First we recall that

s2 =
"̂T "̂

n�K
A4:

E(""T jX) = �2In

we can also write A4 as

E(
"

�

"T

�
jX) = In

Given A5:
"jX � N(0; �2In)

we can exploit the fact from statistics that

z � N(0; I)

M idempotent

rank(M) = m

zTMz � X 2
m
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and apply to

q =
"T

�
M
"

�
� X 2

rank(M)

recall from class in case of idempotent matrices rank(M)=trace(M), we have
shown in class tha trace(M)=n-K, so

q � X 2
n�K

Since

s2 =
"TM"

n�K ) s2

�2
=

q

n�K
so

var(
s2

�2
) =

1

(n�K)2 var(q)

given the distribution of q

var(q) = 2� d:o:f = 2(n�K)

�nally we have

var(s2) =
�4

(n�K)2 2(n�K) =
2�4

n�K

4: One tailed t-test: Under the assumptions 1-5 of classical regression
model, we have the following model in our mind

y = �0 + �1X1i + �2X2i + "i

"ijX � N(O; �2)

we can write it in a compact way

y = W� + "

W = [ 1 x1 x2 ]

� = [ �0 �1 �2 ]
T

We have the following null hypothesis

H0 : �1 � 4�2 or 
 = �1 � 4�2 � 0

Under null 
 = 0 we have

�̂1 � 4b�2jX � N(�1 � 4�2; var(�̂1 � 4b�2jX))
recall that

var(b�jX)) = �2(XTX)�1

var(�̂1 � 4b�2jX) = var(�̂1jX) + 16var(�̂2jX)� 8cov(�̂1; �̂2jX)
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labeling ij�th element of (XTX)�1 as (XTX)�1ij we cab express the above
equation as

�2(XTX)�122 + 16�
2(XTX)�133 � 8�2(XTX)�123

Finally we can construct our one sided test

t =
�̂1 � 4b�2q

s2(XTX)�122 + 16s
2(XTX)�133 � 8s2(XTX)�123

�
=0 tn�3

notice that we replaced �2 with its estimator since the true value is not ob-
served. Then we can decide we will reject or not reject the null hypothesis com-
paring the test statitics(that we have calculated) with the critical value(given
the con�dence level, usually tc=2). We reject the null hypothesis if

tc � t(n�3;�)

where n-3=n-K and a is the maximum size of the test. If it were a two sided
test, then we reject the null hypothesis whenever

tc � t(n�3;�=2)

5: Bartlett Identities: We will introduce two identities and prove them.

i) Expected value of the score is 0. ) E(S(�)) = 0

Proof. Assume we have the likelihood function

f(z; �); � 2 


By the property of the density functionZ
Z

f(z; �)dz = 1) @

@�

Z
Z

f(z; �)dz = 0

then we take the derivative inside the integral and use divide/multiply trickZ
Z

@f(z; �)

@�

1

f(z; �)
f(z; �)dz =

Z
Z

@ log f(z; �)

@�
f(z; �)dz =

=

Z
Z

S(�)f(z; �)dz = E(S(�)) = 0

ii) Variance of the score is the information matrix ) var(S(�)) = I(�) =

E[�@2 logL(�)

@�@�T
je�=�]

Proof. Using the �nding in the previous pointR
Z
@ log f(z; �)

@� f(z; �)dz = 0
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@
@�T

R
Z
@ log f(z; �)

@� f(z; �)dz =
R
Z
(@

2 log f(z; �)

@�@�T
f(z; �)+ @f(z; �)

@�T
1

f(z; �)f(z; �))dz =
0

)
R
Z
@2 log f(z; �)

@�@�T
f(z; �)dz +

R
Z
@ log f(z; �)

@�
@ log f(z; �)

@�T
f(z; �))dz = 0

) E(S(�)S(�)T ) = E(�@2 log f(z; �)

@�@�T
))E(S(�))=0 var(S(�)) = E(�@2 log f(z; �)

@�@�T
).
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