Lecture 10 / Week 6

Properties of Multivariate Normal Distribution

Example Assume we have the random vector X ~ Ny (u, ) and Y1) =
AX + b, where A is a (nxn) nonsingular matrix and b is a (nx1) vector. Find
the probability distribution of Y.

We know that X has multivariate normal distribution, hence its density
function is the following

Fx(x) = (2m) % . det S22 {C-m) 27 emp))
To find the density function of Y, we have to do the following transformation

Y = gX)&X=9'(Y)
Xinx1) = ALY =D mxy =971 (Y)

Then we can apply the transformation formula

fr() = fx(g7 ()| det J(y)]

First of all, notice that J(y) = A~!. We plug it into the formula

frly) = (27)7%.det E*%e*%{(A’l~(yfb)fu)T.Z’1(A’1~(yfb)fu)}.|det A7l =
= (2r) E AL D e 2 ATy AT ) T T ATy~ AT b))
notice that |det A™'| = |A\_1,det2_% = |Z\_%
AT = A7 = |AATE = [AAT TR D = |ADAT|

— (277)—%.|A_E.AT|—%_e—%{(Afly—Aflb—Afl.A.H)TE*(A*ly—A*Ib—Afl.A“)}
notice that we multiplied p with A" A = 1,50

= (27m)7%. A.Z.AT|7%_6*%{(y*b*A»u)T(Afl)TﬂflA*l~(y*b*Au)}

we take out A~1.(Note transpose gets out as transpose)

= (27m)7%. A,E.ATF%_e*%{(y*b*A»u)T(A»E-AT)*l»(y*b*Au)}.

— (2m) EANLAT| e (A ) T(ADAT) Ty (b Aw))

Thus we have shown that Y ~ N,,(A.u + b,A.3.AT).

Exercise Show that given ¢g71(Y) = X = A=L.(Y —b), then J(y) = A%

Proof Recall that J;;(y) = 889,;3_ . Since Xy, 1) and Y(;, «1), then i=n, j=n, so
we will have an n x n matrix. (A~! being a n x n matrix satisfies this.) Let’s see




X _
with n=2 case. Then we will have X = N R i-b =
X9 az1  G22 Yy —bo

a11(Y1 —b1) + ai2.(Ya — b2) >
. Th
< a2 (Y1 —b1) + agz.(Yo — ba) o

_—1 X X1 0Xo
392 :8 z:<g}(ﬁl g}% :(an 021>:A—1_

dy; 0 ov; 0Ys @1z 422

Properties

Theorem Let X ~ N, (p,>) and Y = AX + b with A(,x,,) non-singular
matrix. Then Y ~ N,(A.u+ b, A.X.AT).
Proof We have just proved in the above example.

Assume we have Y ~ N, (p,> ) and also rank(} ) = K. We wonder if we
can define a normal distribution once we have a singular Y (= n > K). Recall

that
Z _ ( 211 221 )
Dz Do
We relax the assumption that the whole > is nonsingular, but we will

only assume that > ;; is a (k x k) nonsingular matrix, i.e. ) itself can

Y
be singular or not. Then we claim that the vector ¥ = < Lnxn) ) ~
(nx1)

2(n—kx1)

N, ((M), ( 2 X )) if Y1 ~ N (1), (32q,)) where >, is nonsingu-
2 21 22
lar and Y5 = AY; + b for some A and b.

1 0 1 0
Example > = 0 1 1 |, u=| 0 |. We can see that > _ is singu-
1 1 2 0

lar, since the third row is a linear combination of the first two rows. (detd_ = 0).

} : — Th Y]
In fact rank( ) = 2. en we can Split the Y vector into Y = < 1(2X1)>
(3x1)

2(1x1)

and define Y7 ~ N <( 8 ) ,< é (1) )> and Yy = A(lxg).Yl(le) + b. Notice
1

that ), = ( 0 (1) ) is nonsingular.(n=K=2), where E(Y3) = 0,var(Yz) = 2.

Theorem Let X ~ N, (u,>) and Y = AX + b and A(p,xn). (notice not
a sqaure matrix.) and b be vector of size m, s.t

Yimx1) = Amxn)-Xnx1) T bmx1)



Then Y ~ N,,,(Ap + b, AX.AT).

The above result holds whatever dimension and whatever rank of A.

Y
X
Example X = <X;)’ Yisx1) = Asx2)X@x1) +b@Ex1). ThenY = | Vs
Y3
has a normal distribution. Note that variance covariance matrix of Y is
singular. (rank(A(3X2).E(gxg).A(TQX3))(3X3) = 2, because rank(X(2x2)) =2 ).
X1
Or another example would be X = | Xo |, Y = Apu3)Xi3x1) + bexi),
X3
_(n T
then Y = v.) ™ No(Ap+ b, (AX.A%)(2x2))-
2
X
Xo
Another interesting case is when we have X= . and
Xn (nzl)
1 0 0 0 0 O
01 0 0 0 O
A= l0=119 91 0 0 0
000100/, .
C X, T
X3 X1 My Xy
. Xo Ho Xo
ThenY = A.X = (I | 0). X = ) ~ N, ) ,var
Xpi1 .
. Xk Hr, Xk
Xn

Theorem Let X; and X3 be random vectors of dimensions &k and (n — k),

respectively. If( X1y > ~ N, (<M1>, < X X )) . Then X7 ~
Xz(n—kxl) (nx1) Ho 22 22
Ni ((p1), (2241)) and Xo ~ N ((12), (3o02)) -

Example X = X, ~ N3 and then X; ~ N, Xo ~ N, X3 ~

X1 X1 Xo
N. ~ N. ~ N. ~ No.
<X2> > <X3> > <X3 2
This theorem asserts that every subvector of a random vector with a normal

distribution has a normal distribution.

Now we will state two important properties of multivariate normal distrib-
ution:



1. As we have shown in the first example, normality is preserved by linear
transformation: ¥ = AX + b.

2. Even though in general no covariance does not apply indepence (recall
yesterday’s example), in normal distribution case cov(X;,Xs2) = 0 =

X
indepence of Xy and X5 .(i.e when <X1> ~ N,. This property will be
2

formalized and proved in the following theorem.

X
Theorem Let X; and X5 be random vectors such that (X1> ~ Np.(i.e
2

it has multivariate normal distribution.). Then X; and X, are indepent if and
only if cov(Xy, X3) = 0.

Proof The theorem says cov(X;,X,) = 0 < indepence of X; and Xo
under normal distribution, so we have to prove both directions, but "< 7 is
already shown yesterday and it holds in general regardless of the underlying
distribution. So it left to prove that under multivariate normal distribution
"= 7 holds.

"= 7 Suppose cov(X7, X3) = 0, under normality assumption we have

()~ (G2) O 52,)

Recall the properties of diagonal matrices:

Co s )2

11

(i) 08 )

Be cautious because the above properties do not hold in general, only if we
have diagonal matrix.(i.e off-diagonal elements are 0’s.)
Then we can write the joint density of X; and X5 in the following way,

(oo ) (5 2 ) (o)
P (x1,5%5) = (20) 5. S0 F [ Soa| Fexpl  \ (K2TH2) 0 o J\ (xamho)

Note that we use the previous result that X; and X5 are normally distrib-
uted. Then multiplying out the term in the power of the exponential we have

>

22

Fxa o (X1, %) = (27) 73|S0 72 . [Saa| 2 exp 2 HOa i) S0 Ga )t 0o )T Ko (k2 —pa) }



Also notice that ((x;—p,))" . 21’11 (x1—pq) and (xo—po) 7. 2521 (xa—ps)
are scalars. (A.X.AT = matriz, AT.3.A = scalar.) Now we can split it into a
product of two terms which will turn out to be the densities of both vectors Xy
and X5, which completes the proof, so it follows
= (2m) 5. Dy | 7 exp 2 UCa—m)) B0 Gam)} (90) =250 |5, F explOe s Ean' o —ha )

fx, x, (X1, %5) = fx, (%x1).fx,(%x2). = Xjand X5 are independent.  QED.

Keep in mind this result because it has nice consequences that will be useful
in most of the applications.

T -1
Exercise Show that ( (a1 =) > ( 2 071 )( (x1—p1) > _
(x2—pt3) 0 Yo (x2—po)
{((Xl—#l))T : 21_11 (x1—py) + (x2—pg) " 22_21 -(X2—H2)} '
Theorem Let X ~ N, (0,1,) and Y = B(kxg_)X(nxl)z Z = Cixn) X (nx1)-

Then Y and Z are independent if and only if BC* = 0.
B

Proof We know that ( XZ[ ) = ( C ) .X. Then ( SZ[ ) ~
((k+1)x1) ((k+1)xn)
Bu B
N I, (BT C7T .
() (&)1 )
By multiplying the variance term we find
Y Bpu B.B” B.C”
~ N ) T T
Z Cu CB" C.C
Notice that this theorem uses both properties of the multivariate normal

Z
and the second property tells us that ¥ and Z are independent if and only
if cov(Y,Z) =0« B.CT =0=C.B”.

distribution. < Y ) is normally distributed because of the first property

We might also be interested if the above theorem holds in case of quadratic
transformation.

Let X ~ N,(0,I,,) and let C' be a nonsingular, symmetric matrix such that
Y = Bxn)X(nx1) and Z = Xam).C(an)X(nxl). Note that the first one is
a linear and the second one is a quadratic transformation. (Intuitively, we can

think in terms of scalars y=b.x vs. z=c.x?). Then we have
Z=XTcx=XxTcc'lcx=Cx)'.c'.CcX=g(CX)

the last equality tells us that the quadratic transformation is a linear func-
tion. Then if BT.C = B.C = 0 = Y and C.X are independent= Y and



g(C.X) are independent=- Y and Z are independent. The following theorem
formalizes this:

Theorem Let X ~ N,(0,I,) and let C be symmetric matrix such that
Y = B(kxn)X(nXl) and Z = X(Tan)'C(nxn)X(nxl)~ Then if B.C' = 0, then Y
and Z are independent.

Corollary If (X, X5.....X,,) is a random sample from N(u,0?), then the

sample mean X and sample variation S? are independent. Note that X = B.X
and S? = XT.C.X.).

Theorem Let X ~ N,,(0,1,,) and let B, C be symmetric matrices such that

Y = XaXn).B(an)X(nxl) and Z = XaXn).C(an)X(nxl). If B.C =0, then Y

and Z are independent.

o I, O 0 0
NZ‘Z'd f— k =
Example Let (X1, X5.....X,,) N(0,1),B ( 0 0 ) ,C ( 0L, > .
Then B.C = 0, p)-

X1
I, 0 ",
. .
Vo= X B Xmxy = ( X1 . . Xn)< 0 0) . :ZXi
i=1
Xy
X1
0 0 . "
Z = Xy ComXaay = (X1 - Xa )(0 In—k'> IR

i=k+1
n

Notice from the summation indices that Y and Z are independent. Further-
more, in this special case where we had (X1, Xs.....X,,)~"*4 N(0, 1) assumption,
we have that

Y

T 7 (I O
X.B.XX.(O 0 X

Y = XTMX~ &7

We also want to know under which conditions of M, the random variable Y’
has a X2-distribution. The following theorem answers this question.

Theorem Let X ~ N,(0,1I,,) and let M be a symmetric idempotent matrix.
(i.e.M? = M, also called projection, e.g identity matrix: I,.I, = I,, ). Let K
be the rank of M. Then X7 .M.X ~ A2.

Proof Omitted.

Assume we have (X) ~ N, <('UX), ( Lxx  2xy >) . What is
Y (nx1) Ky ZYX ZYY

the conditional distribution of Y given X = 27



The following theorem provides an answer to this question.

~1
Theorem YV | X =z ~ N (MY 2 vx - xx(X—Hx) vy — Xyx ZXX XY)
Proof Only an outline of the proof will be sketched. Let U =Y — py —
Yvx Z;X (X — pix). Then we have the following observations

EU) = 0
cov(U,X) = 0= U and X are independent
EU[X) = EU)
var(U | X) = war(U)
U
(%) ~»
U|X ~ N—=Y|X~N



