
Lecture 12 / Week 7

Convergence in Probability

The �rst part of the lecture on the "Extension of the WLLN to Stationary
Time Series" can be found in the handout given by Prof. Fortini.

Sofar we de�ned the theorems on convergence in probability for random
variables, but these theorems can be extended to random vectors. Then

X;Xn : random vectors

convergence in probability can be expressed now

P (jjXn �Xjj > ")! 0 n!1

where we used Euclidean norm(jjxjj=
p
xT :x =

p
�x2i ) instead of the ab-

solute value. Slutsky Theorem and Law of Large Numbers carry over to random
vectors.

Convergence in Distribution

We will use a completely di¤erent notation than we used before in case of
convergence in probability or a.s.
Suppose Xn are random vectors and X is a random vector. We de�ne

Fn : = the distribution function of Xn
F : = the distribution function of X

F (x) = P (X � x)

De�nition Xn converges in distribution to X if Fn(x)! F (x) n!1
for every x where F is continuous. Note that the distribution of Xn converges to
the distribution of X; not Xn to X: ¬n other words, suppose Xn; X are random
variables then

P (a < Xn � b) = Fn(b)� Fn(a)! F (b)� F (a) = P (a < X � b)

if F is continuous in a and b.

P (a < Xn � b)! P (a < X � b)
P (Xn 2 A)! P (X 2 A)

for most of the Borel sets A. (not every, because we have the condition that
b is a continuity point, recall that the distribution function is right-continuous.)
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If n is large enough

P (Xn 2 A) � P (X 2 A)

for most of the Borel sets.

Example Assume that Xn have exponential distribution(n).

fn(x) = n:e�nx:1[0;1)(x)

Fn(x) =

Z x

�1
fn(s)ds = (1� e�nx):1[0;1)(x)

Xn ! d0; n!1
n ! 1 lim

n!1
(1� e�nx):1[0;1)(x) = 1(0;1)(x)

Insert here Figure 1

Note that the limit distribution is a constant function (1[0;1)(x)) which is
not continuous at x=0, but we are not concerned.

Insert here Figure 2

Fn(x)n!1 ! 1[0;1)(x) where F is continuous

We will use the following notation

Xn ! dX

Xn ! dX � N(0; 1)
or directly

Xn ! dN(0; 1)

Note that

n!1 lim
n!1

(1� e�nx):1[0;1)(x) = 1(0;1)(x)

is not a distribution function since it is left-continous but not right-continous,
i.e. F (0�)=F (0); that�s why we de�ne as

Fn(x)n!1 ! 1[0;1)(x) where F is continuous

Insert here Figure 3

The Relation between Convergence in Distribution and Probability
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Convergence in Probability ) Convergence in Distribution

Xn ! PX ) Xn !d X

The converse is not true in general. It is true if X is constant. Therefore

Xn !d c) Xn !P c

In other words when the limit is constant

!p=!d

Continuous Mapping Theorem If Xn !d X and � is a continuous

function, then
�(Xn)!d �(X)

Example Xn !d N(0; 1)

X2
n = �(Xn)!d �(X) with X � N(0; 1)

since �(x) = x2 is a continuous function, the assumption of CMT holds.

X2
n ! X2

1

Example Let Xn !d Nk(0; Ik) (i.e. X � (0; Ik) ) and M an idempo-
tent,symmetric matrix. Consider the following transformation.

XT
n :M .Xn = �(Xn)

note that � is a continuous function.

XT
n :M .Xn = �(Xn)!d �(X) = XT :M .X � X 2

r

where r=rank(M), this is an example of an asymtotic result often used in
statistical inference.

Suppose we have

Xn ! dX

Yn ! dY

then we have a continuous function �(x; y). Is it true that

�(Xn; Yn)!d �(X;Y )
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the answer is no in general. But, the following theorem tells us under which
condition it holds.

Theorem Let

Xn ! dX

Yn ! dc

and let �(x; y) be a continuous function. Then �(Xn; Yn)!d �(X; c):

Example Let Tn � Student� t(n): Then

Tn !d N(0; 1)

this result is a consequence of the previous theorem. (One can check that
looking at the tables at the end of any statistics book, for high n the distributions
are very similar.) Consider

Tn =
Xnq
Yn
n

Xn � N(0; 1)

Yn � X 2(n)

Exercise Let Xn !d N(0; 1) and show that Yn
n !d 1: Hint: use the fact

that Yn = Z21 + Z
2
2 :::; together with the law of large numbers.

So, we can express it i.t.o the previous theorem, i.e

�(x; y) =
x
p
y

note that � is a continuous function. Then the theorem says

Tn = �(Xn;
Yn
n
)!d �(X; 1) =

Xp
1
= X � N(0; 1)

note that we used the result in the previous exercise.

Central Limit Theorem

Theorem (Lévy) Let Xn be a sequence of independent and identically
distributed random variables with E(Xn) = � and var(Xn) = �2 <1: Then

p
n( �Xn � �)!d N(0; �2)

This is one of the most important, hence mostly applied, theorems in statis-
tics.
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We woudl like to generalize this result in case of an continuous function �:
Does

p
n(�( �Xn)� �(�)) convergence in distribution?

Suppose � is continuously di¤erentiable function, s.t. � : R ! R: By prop-
erties of derivative

p
n(�( �Xn)� �(�)) =

p
n(�

0
(�+ �( �Xn � �))( �Xn � �))

where we used Taylor expansion

�(x) = �(x0) + �
0
(x0 + �(x� x0)):(x� x0)

Then
p
n(�( �Xn)� �(�)) = (�

0
(�+ �( �Xn � �)):

p
n( �Xn � �))

n ! 1 CLT:
p
n( �Xn � �)!d N(0; �2)

n ! 1 WLLN : �Xn !P �
p
n(�( �Xn)� �(�)) = (�

0
(�+ �( �Xn � �)):

p
n( �Xn � �))!d �

0
(�):Z � N(0; �2:�

0
(�)2)

where Z � N(0; �2):
This result on mean can be generalized also for other moments, using CLT+Delta

Method as long as �() is a continuous function.

Theorem Let Xn be a sequence of i.i.d random variables of size k with
E(Xn) = �; var(Xn) =

P
: (i.e. the second moment is �nite.) Then

p
n( �Xn � �)!d Nk(0;

X
)

Suppose we have � : Rk ! Rm continuously di¤entiable. Then

p
n(�( �Xn)� �(�))!d Nm(0;4�(�)

X
4�(x)T )

where 4�(�) is computed as follows

4�(x) =

2664
@�1
@x1

: : @�1
@xk

: :
: :

@�m
@x1

: : @�m
@xk

3775
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