Lecture 5 / Week 4
OUTLINE

1) How to compute expectations? Book §2.3, Theorem 2.18
2) Inequalities. Book §2.6
3) Product of independent random variables Book §2.7

How to compute expectations?

Since the formula: F(X) = supy<x, <x £(X,) is not very useful for compu-
tation, we need another tool to compute expextations.

Let X be a k-dimensional random vector, py its probability distribution
and g : RX — R a measurable function (B(R¥)/B(R)). Note that if g is the
identity function, then FE(g(X)) = E(X). Notice also that the random variable
Y = g(X) is a function defined as Y (w) = g(X(w)). Since g is a measurable
function = ¢(X) is measurable and E(g(X)) is defined for this random variable.
There will be there cases for computation, namely, the general computation
formula, the case where the distribution of X is discrete and the case where the
distribution of X is absoulutely continuous.

Theorem The general computation formula for expectation is the following

Plo(X) = [ gta)nx (@)

Note that we have the following chain where the function g is defined (€2, F,P)—%
(RE B(RE), i) —9 (R, B(R)). Recall that

E(g(w)) = /g(w)dP—>30ases
Q
g is simple — Zai'P<Ai)
i=1
g > 0— sup /g*(w)dP
Q

0<g+<g

general g — /g+(w)dP—/g_(w)dP
Q Q

We define the integral [, g(w)dP on the probaility space (2, F,P). Equiv-
alently, we can define it on (R, B(R¥), ux) s.t we have [ox g(z).px (dz).



(One might also encounter the notations: [px g(x).px (dz) = [px g(x).dpx =
Jpx 9(x).dF(x)). Hence we have

B(o(X) = [ 9(X)aP = [ g(o)nx (@2

The former formula might be useful in finding the expectation of the sum
of two random variables ( [,(X +Y) dP), whereas the latter one is suitable for

calculations.

The expectation is well defined if and only if [, g(x).px (dz) is well defined,
hence F(g(X)) is finite iff [, g(z).ux (dz) and if both are finite their values
are equal. Therefore we can conclude that this equality holds.

Before we proceed with the proof of the theorem, recall that when X > 0,
E(X) = lim, . E(X,) is equivalent to saying E(X) = supg<x, <x E(Xy) ,
where X, is simple random variable, 0< X,, < X and X,, T X (limit from
below).

Proof We will proof the result for 3 different cases, namely, 1.) g is simple,
2.) g > 0. 3) general case.

1.) Case 1: Suppose that g is a simple function s.t g(z) = Y7 | a;.14,(z),
w.l.o.g take As disjoint. On the other hand, when g(X) is simple, then we have
9(X(@) = S0 4l (X)) = Y0, ailx-14,)(w). But then B(g(X)) =
ST PO HA)) = S0 gy (). Since [ g(@)diy = S avjix (A,)
given that g(z) = 7", a;.14,(x), we have shown that E(g(X)) = [ox 9(z).px
(dzx) if g is a simple function.

2.) Case 2: Suppose g > 0 and let g, be simple nonnegative function s.t
gn 1 g. By the first case we know that

Plou(X) = [ gu(e)nx (o)

By monotone convergence theorem, if take the limit, n— oo, since g,(X) 1
9(X), then E(g,(X)) — E(g(X)). Also by definition of integral, we know that
if we take the limit, n— 00, [px gn(2).px (dz) — [ox 9(x).px (dz). Hence, we
have shown that the equality holds: E(g(X)) = [px 9(2).ux (dz).

3.) Case 3: The general case for g : We will use the fact that g(z) =
g (x)— ¢ (z) and g(X) = g7(X) — ¢~ (X). Since both g* > 0 and g~ > 0, we
can use the second case,

E@(X)) = E(g*(X)) - E(g (X))
/R 9@ pxldn) = / gt (@) ) / ).t ()

Since we have shown in case 2: E(g7(X)) = [px g7 (2).p1x (dx) and E(g~ (X)) =
Jpx 97 (%).px (dz). We have that

Plo(X) = [ ala)inx(da)



Note that if both expectations are E(gT (X)) = oo, F(g~ (X)) = oo, then
E(g(X)) is not defined. QED.

Still we have the answer the question of how to compute the integral once we
have either a discrete distribution of X and absolutely continuous distribution
of X.

Case 1: puy is discrete distribution, i.e py(A) = > g4 m(s), where S is
at most countable and m(s) : the mass function. (m(s) = p(s) = P(X = x),
p(s)=probability function). Then

/RK )i (dz) = g(s). E(X) =Y zp(x)

seS

Proof Exercise. Prove it for simple functions. (Hint use the definition of
integral.)
Let g(z) = > a;.1a,(z), wlo.g take Als disjoint. And let

g(s) = 311 a;.14,(s).We already know by definition of integral that [, g(x).duy =

D imy i-fix (Aq). Since py (A) =3 cgnam(s) and px (A) =370 px (Ai), we
have pix (4;) = ZsESﬁAi m(s) , then fRK g(z).dpx = E?:l Q- ZsesmAi m(s) ,
since Y cona, M(S) = Dses14,(5).1s(s).m(s) . Then since 15(s) =1 Vs € S
Jer 9(x)dpx = 350505 3 cgla(s)m(s) = Yies ding ai-la,(s)m(s) =
ZSES g(s).m(s).QED.

Case 2: py is absolutely continuous distribution: px(A4) = [, f(z)dz.
(LHS: Lebesgue integral). Then

| s@hix(an) = [ gta).fa)is

Proof Exercise. Prove it for simple function g.
Let g(z) = Y., a;.1a,(z), wlo.g take Als disjoint. We already
know by deﬁnition of integral that [, g(x).duy = > i, aipx(A;). Since

= [, f(@)dw, then [pu g(w).dux = 377 ai [, f(x)de =311, @i [pu 1a

fRK z:l Qg 1A1,( ) f( )d$ - fRK g( )f(x)d$

Inequalities involving Mathematical Expectation

There are some inequalities involving mathematical expectation which
turn out to be useful. Before proceding to these inequalities, we mention some
basic definitions:

Definition The m’th moment of a random variable is defined as E(X™),
whereas the m’s central moment is defined by E(|X — ux|™), where py =
E(X). The second central moment is called variance of X, denoted by var(X)=
E[(X — px)? = BE(X?) — (E(X))? = 6%. The covariance of a pair of random

(). f(x)dx



variables (X,Y") is defined as cov(X,Y)=E[(X — ux)(Y — py )], where py =
E(Y).

1.) Chebishev’s Inequality: Let X > 0, i.e nonnegative random variable
with distribution function F'(x) and let ¢(x) be monotonic, increasing,nonnegative
measurable function. Then

P(X>e)=1-F(e) = ——=

Exercise Show that it holds for elementary case: P(|X —px| > ¢) < %E,X)

Proof Since ¢(x) be monotonic, increasing,nonnegative measurable function,
we can let X — |X — py| and pick the following function

X2 x>0
X)= -
#(X) {0 :17<O}
then | 2) (
E(lX — var(X
P(X x| > 2) < LE ) vartR) - gy

2.) Cauchy-Schwartz Inequality: This is a special case of Holder’s
inequality. It says that

E(XY) < EXY)./ETY
lcov(X,Y)| < Vwvar(X).\/var(Y)

BIX = i)Y = )]l < ElIX = )Y = i)l < VEK = g PLv/EIY = 1oy 7] =
= Vwar(X).\/var(Y)

Holder’s inequality is

E(XY]) < (B(XP)r.(E(Y|9)

1 1
wherep >1, —+-=1
p q

BICX — ) (Y — iy ]| < B((X — ) (Y — sy )]) follows from property of ex-
pectation (Jensen’s Inequality). Recall that cov(X,Y) = E(X.Y)—-E(X).E(Y)

and p(X,Y) = % From this inequality it follows that |p(X,Y)| <
1.

3.) Liapounov’s Inequality: This also follows from Holder’s inequality.
For 0 <a < f3
1 1
(B(X|)= < (B(X]%))7



This inequality holds trivially if LHS is infinite and RHS is finite. Moreover,
if £(]X|?) is finite, this implies that F(|X|*) finite. Formally, if X has finite
moment of order k, then X has finite moment order j Vj < k.

Example If E(X?) < oo, then E(X) < co = F(X) exists and is finite.

(B=2,a=1).

4.) Jensen’s Inequality: Let ¢(X) be convex measurable function (given
E(¢o(X)) exists) and X simple random variable. Then
E(p(X)) = ¢(BE(X))

P
Example ¢(X) = X? & E(X?) > (B(X))?
p(X) = |X] & E(X]) = [E(X)]

Insert here Figure 1

Expectation of Products of Independent Random Variables

Let X,Y be independent random vectors and f , g measurable functions.
Then f(X) and g(Y) are also independent and E(f(X).g(Y)). Notice that

P(f(X) € Ag(Y)eB)=P(X e[ (A),Yeg ' (B) =
= "P(X € fTH(A).P(Y €9 (B) = P(f(X) € A).P(¢(Y) € B)

Theorem If XY be independent random vectors, then

This theorem implies that independent random variables are uncorrelated,
but the reverseis not true in general.
Proof Suppose f , g are simple functions s.t f(X) = >, a;.14,(X),



g(Y) =321, bj.1p; (V). Recall that 14,(X) = 1x-1(4,)(w). Then

E(f(X)g(Y)) = B a;14,(X). Y bilp,(Y)) =
i=1 j=1

= B( ) a4 1a(X)1p,(Y)) =
i=1,5=1
= E( Y aibjlx-1ayny-1s) W) =
i=1,5=1
= Z ai.bj.E(].X—1(Ai)ny—1(3j)(w)):
i=1,j=1
= > a.bpP(XTNA)nYN(B))) =
i=1,j=1

= M 3" a.b, P(X € A)P(Y € B)) =

i=1,j=1

i=1

j=1

= E(f(X)).E(g(Y)). QED

We have shown that the equality holds for a particular case where f , g are
simple functions. We have to show that it also holds for general f , g.

Exercise Show the above equality for general f | g.

Proof Let f,g>0and f, T f,9. T g, where f, and g, are simple functions,
as we showed before, then f,,(X) and g,(Y) are indepedent. The simple case
we showed in the previous proof, i.e.

E(fn(X).9n(Y)) = E(fa(X))-E(gn(Y))

Then we know from the limit property [(lim (a,.b,)=lim a,.lim b,) that

lim [£,(X(w)).gn(Y(w))] = Tim f,(X(w)). lim g, (Y (w))

n—oo n—o0

Using the monotone convergence theorem we know
(LHS)n—o0E(f(X).g(Y)) = (RHS) E(f(X)).E(g9(Y))

Again given the limit property, i.e. if a,=b, Vn and a, —a and b,, —b,
then a=b. Hence we have



In the last part of the proof we will show the general case; exploiting the
fact that

f(X) = ff(X)-f(X)
g9(z)

I
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Then we can write
B(f(X).9(Y)) = B[(f7(X) - f(X)(¢g"(¥) -9~ (Y))
= E[(fT(X)(g" (V) = (fF(X)g7(

Since the expectation operator is linear

= E[(f*(X)-(g"M)-E[(f " (X).g~ (V)]-E[f~ (X).g" (V)+E[f (X).g~ (V)] =

Since all the terms are positive valued function we can use the previous part
of the proof,

= E(f7(X).E((g"(V)-E(fT(X)).E(g” (V) -E(f~ (X))-E(g" (Y)+E(f(X)).E(g~ (V) =

Collecting the terms we obtain

E(f(X)-9(Y)) = [E(f*(X)) = E(f~ (X))LE((g* (V) - E(g(Y)].  QED.



