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Distributions of Transformations of Random Vectors

Example Suppose we have two random variables X,Y. We know that X
has the exponential (A\) distribution with the density function (absolutely con-
tinuous)

fx(x) = )\.e_)‘“rl[o’oo) (x)

We also know that the conditional probability distribution is discrete: (Y|X =

x) ~ Poisson(x) Note A = z.
e .Y
PY =yl X =2)= ——

y!
Suppose we want to compute E(X.Y) = E(g(X,Y)). The problem is the
function g has one discrete and one abs. continuous component, and we do not
know how to compute the expectation in such a case. BUT, we can exploit the
properties of the conditional expectation, i.e

y=1,2..

E(X.Y)=E(E(X.Y|X)) = E(X.E(Y|X))

But we know that the expected value of a variable with poisson distribution
is E(X) = A. Consequently, E(Y|X =z) =z, or E(Y|X) = X, but then
E(X.E(Y|X)) = E(X.X) = E(X?)
Then using the formula
var(X) = E(X?) - [E(X)]”
and recalling that the expected value and the variance of a variable with
exponential distribution; E(X) = %, var(X) = %, respectively, we have
9 9 1 1 2
E(X?) =var(X)+ [E(X)])* = 3z + riubvh QED.
This example is a good illustration where we have to exploit the properties
of conditional expectation.



Best Forecast Scheme=Conditional Expectation

The conditional expectation F(Y|X) has a special interpretation once
the second moment of the variable Y has finite moment, formally F(Y?2) < oco.
Namely, it is the best forecast of Y based on X; i.e suppose we have a random
variable Y and a random vector X and we want to predict Y as a function of
X. Then we claim that, which will prove in a second, g(X) is the best predictor
of Y, in the sense that it minimizes the prediction error. We need the following
definition to clarify the problem

Definition We define the mean square error of prediction (MSEP)
as follows E[(Y — ¢g(X))?]. In words, this is the expected error we are trying
to minimize, naturally it is the expectation of the square of difference between
the actual random value(Y) and our prediction(g(X)). Note that it is squared
so that positive and negative errors cannot cancel out.

Theorem The funciton g that minimizes MSEP is g(X) = E(Y|X). For-
mally, for every function g(X)

E((Y —g(X))*) = E((Y — E(Y]X))?)
Proof We take E((Y — g(X))?) and do the add/substract trick, i.e
E((Y - E(Y|X) + E(Y]X) - 9(X))?)
we group the terms and take the square
E((Y - g(X))*) = B[(Y - E(Y|X)) + (E(Y|X) — g(X)))*] =

= EB[(Y-E(Y|X))’|+E[(E(Y|X)—g(X))*|4+2.E[(Y —E(Y|X)).(E(Y|X)—
g( X))
Then we show that
E[(Y - E(Y[X)).(E(Y|X) —g(X))] = 0
EIE((Y — B(Y|X))(E(Y]X) - g(X))[X)] = 0

In the second line we used the conditional expectation property, i.e. the
expectation of the conditional expectation is the expectation itself, since the
second term of the multiplication is fixed at X, behaves like a constant, we can
take it out,

BIE(Y|X) - g(X)).E(Y — E(Y|X)|X)]

but then
EY-EY|X)|X)=EY|X)-EY|X)=0

Since in (*), the only term left that is dependent on g(X) is E[(E(Y|X) —
g(X))?], since it is a square, we can minimize the error by setting

E(Y|X)=g(X). QED.



The previous result has important implication in econometrics and parti-
caularly it is fundamental in regression analysis.

Conditioning on Increasing o-Algebras

We might want to make predictions in more general settings. Assume that
we have the following sequence of random variables

(Vi o

Then we might want to know what the best prediction Y; is based on the
Y’s at times t-1,t-2.....t-m.

E(Yi|Yi—1,Yi 2. )

as m goes larger(m — o0) the o-algebra (the information set) becomes
larger as well. We interested in answering questions such as; what happens to
the conditional expectation as the sequence of o-algebra’s goes larger, i.e

What is lim E(Y}|Yi—1,Yi—g.....Yi_m)?

m—00

The answer lies in the following theorem.

Theorem Let F, be an increasing sequence of o-algebras. (i.e. F, C
Frt+1). Let Foo = V22 Fy, which is the o-algebra that contains the union of
o-algebras (since the union itself is not necessarily a o-algebra.) Then

EY|F)nooo — E(Y|Fs) as
Proof It is complicated and thus omitted.

As mentioned above we are interested in
E(Yi|Yi—1,Yi—2......)
but now following the theorem we know that
E(Yi|Yi—1,Yi—2...... Yiom) = EYi|Yio1,Yi 2. )

if we have m large enough, in other words if we can collect as much past data
as possible (m large depends on the data and application, e.g whether data is
quarterly, weekly, or so) than we can be almost sure that we have all the past
information about the random variable and the expectation conditioned (based
on this information set) on this past data is going to be the best prediction of
Y;.



Distributions of Transformations of Random Vectors

We have the random vector X and the function g s.t Y = g(X). We want
to know how to compute the distribution of Y once we know the distribution of
X. We will again analyse two different cases; discrete and absolutely continuous.

Case 1 We have a discrete random vector X :
px(x)=P(X =2) S={x1,2s....} at most countable

Then we will also have a discrete ¥ s.t Y = g(X) and Sy, = {y1,¥2.....} at
most countable. Note that in fact we have a vector X so the correct notation
should be

but we slightly abuse the notation. Then we will also have g(z;); {g(z1), g(z2).....g9(zx)},
but note that this set can contain less elements than k distinct functions, if some
functions have the same value, in fact it only includes functions g with distinct

values. Then

py() =P =y)=P(Xe€g ' ()= > pxlx;)
9(x;)=y:
We can better see this with an example:

Example We have the random vector X = (X7, X3) where X1, X> have
independent Poisson(A) distributions. We also have

9(171,1“2) = T+ x2
Y = Xi+Xo
Sl’ = {(070)7(071)7(170) """ }
s1 = 0,1,2........
so = 0,1,2........
S, = {0,1,2.....}

We are trying to calculate
PY=y)=PX1+X2=y) y=0,1,2.....
Using the previous formula and the indepence of two components
Y P(Xi=mz, Xy =x9) =" Y P(Xy =121).P(X; = 1)
T1+xo=y T1+x2=Y
we use the poisson distribution
e AN e AN

Z P(X1 = .’El)P(XQ :xg) = Z . =

.’171! .TQ!
T1+x2=Y T1+x2=Yy

PY = y)=—""1 4y=0,1,2..



Exercise Make the above calculation

- 2\%2

e e _ 1
Z PR =e A\, Z B

x1!.xs!
T1t+T2=Yy T1+x2=Y L2

Hint multiply divide by y! and use (1 +1)¥ =>_ <z') 1%.1v=%,

An important point to note from this example is that the sum of two in-
dependent poisson variables ended up to have a poisson distribution with the
parameter (2.)).

Case 2 X has absolutely continuous distribution: We know that then
we have

P(XeB)= /fo(x)dx

Suppose we have Y = ¢g(X). Does the absoulute continuity of X imply the
same for Y7 The answer is no in general. Here we have a counterexample;

Example X ~ N(0,1),s0 it has standard normal distribution and Y is the

following function of X :
0 X2>0
Y= { 1 X<0 }

Y = 1(700,0)(X)

but Y is a discrete random variable. In fact Y has Bernoulli(3) distribution.

1
2

PY = 0)=P(X>0) =

N~ N~

PY = 1)=P(X<0)=

In general, once Y has a absolutely continuous distribution we have

P(Y € B)=P(g(X)eB)=P(Xecg\(B) =
= / fx(z)dz
g~1(B)

P < y>/1( Sx(ayis
g (—o0y

Still we have to impose some conditions to be able to find the density of YV
directly from the density of X.

Theorem Let X be a k-dimensional random vector with absolutely con-
tinuous distribution and the density function fx(z). Let g : R¥ — R* be a



one to one function such that its inverse function ¢~ 'is differentiable. Let
Y = ¢g(X). Then Y has absolutely continuous distribution with density function

frw) = fx(g7'())[det J(y)] on the set
{v = y=g(z) with fx(z) >0}
-1
where Ji;(y) = aéq;/ (Jacobian)
j

The following example illustrates such a case
Example Suppose X1, Xs independent N(0,1), i.e.

1 e
x) = .72
fX1,2( ) \/ﬂ
Also suppose that we have (Y1,Y3) , so 1-1 requirement satisfied and
Y1+ Y-
Yi = Xi+Xo=X) = 1—; 2
Y, —Y;
Yy = X1—X2:>X2:%
so the functions g; 2 are invertible (1-1)
_ Y| +Y
X = 91 1(Y17Y2) == 9 2
_ Y, —Y;
Xy = gy (V1,Ys) = — B :
so they are also differentiable (condition). Then we can compute the Jaco-
bian
1 1
- (1)
2 T2
det(n)] = 3
e = =
2
Applying the formula and exploting the indepence we have
Y1 +Y; Y1 - Y;
thYz(ylayQ) le( - 2)'fX2( - 9 2)5
1 7;(y1+y2)2 1 7;(y1*y2)2 1
= e 2l ) ——lem2l e ) ==
V2T V2 2
1 _1vi 1 _1v3
= e 22 e 22

So we have found that Y; and Y5 are independent and have the normal
distribution N(0, 2).



Noteworthy Distributions

1. Normal Distribution: It is denoted by N (u,c?)

E(X) = p
var(X) = o°
frle) = et

V2T

2. Standard Normal Distribution: It is denoted by N(0, 1). It is a special
case of normal distribution

E(X) = 0
var(X) = 1
E(xXY) = 3
fx(z) = e

Exercise If X~ N(u,0?) and Y =aX + b, then Y ~ N(au + b, a?.0?)

Proof It directly folllows from the properties of expectation and variance.

E(X) Iz

EY) = aEX)+E®b) =an+b
var(X) = o?
var(Y) = da*var(X) = a*.0? var(b)=0

3. Chi-Square Distribution: It is denoted by X2 . Let X1, X»....X,, be in-
dependent identically distributed random variables with standard normal
distributions and set Y = X? + X2.... + X2. This new random variable Y’
has chi-square distribution with n degrees of freedom.

1

W) = Fayar vt e o)
EY) = nEX?})=n
var(Y) = nwar(X?) =n.[B(X}) — (B(X})) ] =n(3—-1)=2n

where I'(a) is called gamma function.
I'a) = / z* e "dx fora>0
0

Exercise Show that I'(a)) = (a — 1)T'(a — 1).



Proof Since I'(a—1) = [[F2* 2.e *dz for a > 0, we integrate by

parts ['(a) = [ 2 Le "do=[—e "2 |5+ [ (a — 1)z® 2 "dx =

(a— DI (a—1).

Exercise I'(1)=1.

Proof Since () = [~ 2* L.e ®dx fora > 0,then (1) = [;~ a%.e *da =
1

Exercise I'(}) =7

Note that I'(n) = (n—1)!, this function is a generalization of the factorials
where n can be real numbers not just integers.

4. t Distribution XY are independent X~ N(0,1) and Y ~ X2.

T=—— t— distribution

5. F(Fisher) Distribution X ~ X2V ~ X2

F =

3|3 =
<7
3



