Lecture 1 / Week 1

Classes of Events

Definition A random experiment is an experiment where the outcome
cannot be predicted in advance.

Example We can observe the price of an asset at tg, price in [0,T]

Definition The set of all the possible outcomes is called sample space 2.

Example The price at time tg : Q = [0,00]
Log return : = (—o00,00)=R (the set of all real numbers),
Note:[—o0,00] = extended real line

Example Observe a price between time 0 and time 7. If the price moves
continuously = Q = {w = w(t) w:[0,7T] — [0,00], w is continuous}

Insert here Figure 1

Definition Let € be a sample space. An event is a subset of €. In other
words it is the set of possible outcomes of the experiment.

Example Price at to ; Event A=[0,a) . So the event says, the price at
to is lower than a. Price in [0,T].
An event could also be A: the price at % is lower than a.

Formally, A= {w =w(t) : w(%) < a}

Insert here Figure 2

Definition U;c;A; = The union of A;’s (at least one of the A;’s)
Definition N;c;A; = The intersection of A;’s (all of the A;’s)
Definition A® = The complement of A(not A).

Example In the previous example, A® = the price at % > a.Formally,
AC={w=wt):wL)>a}

Insert here Figure 3

Definition A class of events is a set of events with certain properties.

Definition Let Q be the sample space and F a class of events in ). F is
a sigma-algebra (o-algebra) if and only if it has the following properties:



1. Q € F. (So in words, the entire set should belong to the class)

2. If Ac F, then AY € F.(If an event belongs to the class, then its comple-
ment should also belong to the class.)

3. If Ay, Ao, ... € F,then U2, A; € F.(If a sequence of events belong to the
class, then their countable union should also belong to the class.(Note:
U :countable union, U"where n € N : finite union )

Insert here Figure 4

Remark F is closed under complements and unions.

Claim A o-algebra is closed under intersections.

Proof Suppose we have a sequence of events Aj, As,... € F, then (by
property 2) A{, AS ... € F.Then, by property 3, we know that U, AS € F.
Using the De Morgan’s Law, U2, AY = (N2, 4;)¢ € F.Let’s call (N2, 4;)"=

B € F, but then B¢ =N, 4; € F. QED.

Claim F is closed under unions iff(if and only if) F is closed under
intersections. (Given property 1 and property 2)

Proof ’=’: This implication we have just proved.

'<’: Suppose we have a sequence of events Ay, As, ... € F,then (by property
2) A{, AS, ... € F.By hypothesis, we know N2, A¢ € F. Using the De Morgan’s
Law, N2, AY = (U2, A4;)¢ € F. Then by property 2, (UX,4;) € F. QED.

Remark We know that F is closed under countable unions(intersections).
Can we also say that it is closed under finite unions(intersections)? Ay, As,...A, €
F = (YUY, A; € F. Yes, indeed we can!

Proof By property 1, we know that Q € F. Since Q¢ = (), but then () € F.
So, we can take the infinite sequence A1, As,...A,,0,0,0...... Then, U2, A; € F
implies Ul A; € F. QED.

Definition A class of events that is closed under complements and finite
unions denoted as A where Q € A is called an algebra (field) of events.

Remark If a class of events is a o-algebra, then it is an algebra, but
reverse is not generally true. Formally, o-ALG = ALG, but ALG # 0-ALG.
If Q is finite, an algebra is is also a o-algebra.

Example Q= (0,1]
A = {finite unions of intervals of the type (a,b] with 0< a < b < 1}

Exercise A is an algebra.



Proof  We have to check whether it satisfies the 3 properties of alge-
bra. Property 1: Taking a=0 and b=1, we show that Q € A. Property 3:
U (a;,b;] € F. By induction, we can see that the finite union belongs to the
algebra. When n=1, it holds by definition. If we take (a1 b1] U (a2, bs]. We get
a union of the same form. If this holds for n and it can be shown that it also
holds for n+1. Property 2: The complements of the sets (a,b], have the form
(a,b]® = (0,a] U (b, 1]. Since they are union of elements of A, they belong to
the algebra.

Remark A is not a g-algebra.
Proof Take sets of the form: N3°(3—1,1] = (0,1]N(5—1,1]N... = [3,1] ¢
A(={x€ R: 1 -1 <z <1 forevery n} ), since the countable intersection does

not belong to A, the class is not a o-algebra. QED.

Definition Let ) be a sample space. Suppose C is a class of events.
0(C) =Ng is -ALG and ¢ > ¢ G5 0(C) is called o-algebra generated by C'.

1) o(C) is a o-algebra.

2) Tt is the smallest o-algebra containing C.

Proof Property (1): Every intersection of o-algebra is a o-algebra. Suppose
{Fotoco , NyeaFy = F.

HNQeFVI=Qen,coFy

2)A€f=ﬂgeef9:>A€f9V9:>AC6.7:9 V9=>Aceﬂee@.7:9=.7:

3) If A\, As,... € F = ﬂge@]:e =A1,A9,... € Fy V O = U?ilAi e Fp vV
0= U2 4 € NyeoFo =F. QED.

Property (2): If F is 0-ALG 2 C =F 2 o(C) =F is in the intersection, so
o(C) must be the smallest o-ALG. QED

Definition Let @ = R, C ={(a,b) : —00 < a < b < oo} a general
class(Note that it is not o-algebra). The Borel o-algebra on R = ¢(C) =
B(R).The Borel o-algebra on R is the o-algebra generated by C. Note that
it contains the singletons {a}.

{a} = ff:l(a—%,aJr%)GB(R).
(a,b] = (a,b)U{b} € B(R).smilarly, [a,b),[a,b] € B(R)
(a,b) € B(R),a,b] € B(R),
All finite unions of intervals € B(R)
(—o0,a] = UpZli(a—mn,a] € B(R)
¢ = {(a,b:—0<a<b<oo} oC)=B(R)
c = {(00,a] : —0 < a< o0} o(C)=DB(R) (Proof p.14)



REX = {(.’L‘l,xg, ....,LL'K) LT € R}
C = {(a1,b1)x(az, b2)x.....(ax,bx) : —00 < a; < b; < 0o}
(331,1‘2, ....,xK) T € (ai,bi) Y i.

Insert figure here 5

Remark B(R¥) = ¢(C) contains singletons, finite and countable sets,open
sets,closed sets...

Definition Let Q be a sample space. Fix a g-algebra F. F contains all the
relevant events A, Ag,...,€ F,UXA; € F.

A probability measure is a function P:F — R that satisfies

1) P(A)>0

2) P(Q)=1

3) If Ay, Ay ...are disjoint events then P(U2,A;) = >0, P(A;) where
AiﬂAj = (Z), I#J (J—additive)

Example Observe a price from time 0 to T.(Note that the sample space
Q is a set of functions).F is a o-algebra of all events.
C = {price at time t is lower than a (p; <a), V a€ R \V t€ [0,T]}, F = o(C).

Insert here Figure 6

Definition Events until time time t, : o{price at time t is smaller than a,V
ac RVt <t,} = F,. Note that F;, C F. F is the universe o-algebra and
Fy is the sub o-algebra of F.

Definition Fy = {0, Q} is the smallest o-algebra of subsets of .

Definition P(£2) = {All the subsets of Q} is the biggest o-algebra.(Part
o-algebra).

When Q =R, we can choose P(R), but in general B(RR) is chosen instead,
since it is smaller. It can be proved that B(R) C P(R). If we choose P(R), then
we cannot define a sensible probability measure on it. The only probability on
P(R) is the discrete probability, where only the points have positive probability.

Insert here Figure 7

Remark We have already shown that N,ceFp is a o-algebra. Yet,
U,coFp is not a o-algebra. But still we can obtain a o-algebra generated by
U,eoFp. = o(U,coFy) = V,co Fo. This o-algebra is generated in the same way
we have seen before(Definition 10); take a class C , then o(C) = Ng i ;AL and ¢ > ¢
G , we only have to set C = U,coFy.



Example The following example helps us to see that U,ceFp is not a
o-algebra.

Take the following o-algebra: Fy = {0}, R, (—o0, 6], (8,00)}, then U,coFy =
{0, R, (—0,0],(8,00) 6 € R}

If we take U2 (—00, —1] = (—00,0) ¢ U,coFp , even though (—oo, —2]
S Ueegfe

Remark If we have two classes such that C; = {(0,1), (2,3
( (

) ,(5,6)} and
Co = {(_170)7 (73 8)} , then CLuCy = {(Oa 1)7 (273)7 (576)a _170)7 8

)
7,8)}.

Insert here Figure 8

Lecture 2 / Week 1

Random Variables

Definition (General Definition of Measurability): Suppose we have €, Q

7

sample spaces and Fq , F,, o-algebras. Then we define the following mapping:

R

Insert here Figure 9

Inverse Image of B ( a subset of Q') through g: The set { w € Q : g(w)e
B } = g~ !(B). Note that the inverse image is not necessarily a inverse function.
It is just the inverse of the direct image.

Definition g is F\F measurable if for every B € F, g~'(B) € F.
Remark An interesting case is if Q =R.

Definition Suppose we have a sample space (2, o-algebra F, and probability
measure P, then (2, F, P) is a probability space.

Definition A random variable is a function

X: Q—-R
which is F \ B(R) measurable.
We want to be able to define the probability of P(X € B), i.e the probability
of events like (X € B)={ w € Q: X(w) € B }= X!(B). Note that B is a Borel

set of the Borel o-algebra B(R). For example, such a set could be B=(0,1) and
then (X € (0,1))= (0<X <1). Also note that (X € B)=X"1(B) € F.

Insert here Figure 10

Definition Let (2, F, P) be a probaility space and G C F, where G is a
sub o-algebra of 7. Then X is G-measurable if for every B € B(R),



Theorem Suppose we a sample space €2 and a o-algebra F, of subsets
of Q. Let X be a function s.t X: © — R. Then X is F \ B(R) measurable if
and only if V y € R,

Ay={weQ: X(w)<yteF

In general, we can try to take every Borel set B, compute X~ (B) and check
if ¥~1(B) € F. But this would be very cumbersome, instead the theorem tells
us that we can just take the inverse images of particular class of sets such as
X =00,y ={we: X(w) <y} ={w: X(w) € (—0,y|] and check whether
they belong to F.

Proof Take the class D={B € B(R) : X ~1(B) € F}. Note that it is a set
of Borel sets s.t the inverse image belongs to the o-algebra. It is easy to verify
that D is a o-algebra. (Exercise!) Notice that (-oo,y]€ D and {(-c0,y]: y € R}
C D. We know that B(R) is the smallest o-algebra containing these intervals.
By definition, we can generate B(R) by using intervals (-o00,y].So, B(R) C D.
Since by construction of D, D C B(R) = B(R) = D. But then, ¥ B € B(R), B
€ D and by construction X~1(B) € F = (By definition measurability) X is
F \ B(R) measurable.

Exercise Verify that D is a o-algebra.

Proof To verify that D is a g-algebra, we have to check whether it satisfies
3 properties of o-algebra: 1.) Choose R € B(R), then X ~(R) = Q € F, since F
is a o-algebra. 2.) Pick any B, if B €D, then BY should also belong to D. Since
X~1(BY) = (X1(B))¢ and F is a o-algebra, then B¢ € D.3.)if By, Bs.... €D,
then it should hold that U, B; € D. Since X~1(U2,B;) = U2, X~ 1(B;) € F,
U, B; € D.QED.

Theorem If X1, Xs.... are F \ B(R) measurable, then

1. min(X; , A5 ..., X,), max (X; , Xs, ..., X,,) are measurable.
2. sup, &, , inf,X,, are measurable.

3. lim inf, X,,, lim sup, &,, are measurable.

4. lim,, &, if it exists is measurable.

Proof (1) min(X;,As,....,X,) is F \ B(R) measurable. ¥V y € R, using the
previous Theorem we know that it is enough to show that {w € Q : min(X; (w)
Ao (W), ooy Xn(w)) <y } € F. Note that, min(&y , A, ..., &) < y) iff U, &)
< y. This means that (X; <y) for at least one j. By hypothesis (X; < y) € F
forVj= U?:I(Xj <wy) € F. The max(X 1,X 1,.....,&X ;) can be proved the
same way; i.e {w € Q : max(X;(w) ,A2(w),....., X (w)) <y } € F. Note that,



max(X) Xy, ..., &) < y) iff N7_, A <y. This means that (X; < y) for all j.
By hypothesis (¥; < y) € F for Vj = n7_,(X; <y) € F.
(2) since (sup,X,< y) iff NS, (X, < y). This means that (X, < y) for
all n. By hypothesis (X,, < y) € F for every n = N5 (X, < y) € F, similarly
since (inf, X, < y) = U5, (X, < y). This means that (X, < y) for all n. By
hypothesis (X, < y) € F for every n = U521 (X, <y) e F
(3) limy, 00 infpy > Xy . =sup,,en(infy,>m &) and lim sup,, &, = inf,en(sup,,>,,, Xm)
and follows from the previous proof. a
(4) a, lim,_.a, does not always exist. It exists iff lim sup,, a, =lim
inf,, a,, then follows from previous proof.

Definition A simple random variable is a function that takes finite
number of values. (Suppose A;N A; =0, i#j)

ai w € A

az w € Ay
X(w) =

an weE A,

Definition The indicator function is defined as follows: (A € F)

1) = o g )

(Xw) =Y0 aila, @) |

1 w e Al
Example Xw)=1 2 we Ay
3 w € As

Xw)=1%1yg, +2%14, +3%14,

Remark A simple random variable is F \ B(R) measurable. (Verify!)

Theorem A function X: Q — R is F \ B(R) measurable if and only
if there exists a sequence (X)) of simple random variables such that for every
w € Q,

X (w) = lim, 00X (w)

Proof 7 < 7 : Let X(w) = lim, X, (w) and X, be a simple random
variable. Previous remark tells us &}, is measurable and by point 4 of the previ-
ous theorem we know that lim,, X}, (w) is measurable, so X (w) is measurable.
QED.

7 = 7 : We want to prove that if X(w) is F \ B(R) measurable, then
X(w) = lim,, 00 Xy (w) is measurable, where X),is simple random variable. First
we suppose X > 0,V w X (w) > 0. We prove the statement under this condition
and then show that it also holds in the opposite case where X (w) < 0.



T k Xn _ on on
ake ) 0 otherwise

k=0,1,2,.....n2" — 1

Fix n : A, takes values 0, %, 2171

X, is simple when n— oo, &, (w) — X(w). (See the figure below for X;(w)
and Xy(w) ) This completes the proof when X(w) > 0.

kg 2!;<X(w)<k+1}

Insert here Figure 11

To see that the result still holds in the opposite case X' (w) <0; one should see
that the function X = X" —X~, where X*(w) = max(X,0) > 0 and X~ (w) =
—min(X,0) > 0 (This can be best seen sketching the graph of those functions.).
But, then Xt =lim, X} , X~ =lim, &, and X=XT-X" = lim, (X, -X},)
completes the proof. QFED.

Corollary If Xy, X5 are F \ B(R) measurable, then X + X5, X1 —
Xo, Xy x Xo, X1/ Xy (Provided Xy # 0) are F \ B(R) measurable.

Proof (X; + X2): Enough to observe that X; = lim,, oy, and Xy =
limy,, 0o Xn,, because then X; + Xy = limA,,, +limA,,, = lim (&, + &,,,). This
follows from limit property that sum of two limits equals to the limit of the
sum. Moreover, the fact that the sum of simple functions is a simple function
and the above theorem guarantees that (X; + &) is F \ B(R) measurable.

Lecture 3 / Week 2

Random Vectors, Distributions and Integrals

Definition Suppose we have probability space (2, F,P): A random vec-
tor is a function X : Q@ — RX that is F\B(RX) measurable.

X is a K-dimensional random vector: X (w) = (X1 (w), X2(w)...., Xk (w)), so
X = (X1, Xa...., X¢) is measurable. Also note that X is F\B(RX) measurable
if and only if X7, Xs...., X are F\B(R) measurable. So, it is sufficient that
the coordinates of the vector are measurable. This amounts to saying that
X = (X1, Xo...., Xk) is a random vector iff X1, Xs...., X are random variables.

Definition If we have a class G C F ( a sub-c-algebra of F) then X is a
G\B(R¥) measurable if and only if X1, Xs...., X¢ are G\B(R) measurable. For
notational simplicity we will say X is G measurable if and only if X5, Xs...., X
are G measurable.

Definition The smallest o-algebra w.r.t which a random vector is mea-
surable is denoted by o(X) = Nx is ¢ measurabicG is a o-algebra. By de-
finition X~Y(B) € G . [X is G measurable if X~"1(B) € G]. But then,
X~YB) € o(X),i.e. X is 0(X) measurable. Note that if we take the class



of inverse images of Borel sets, this class will be contained in ¢(X), in fact it
will be equal to ¢(X). Formally o(X) = {X~}(B) : B € B(R¥)}. We already
said that o(X) D {X~1(B) : B € B(R¥)}, since X~1(B) € o(X), to show the
reverse inclusion first we need to show that the class {X~'(B) : B € B(R¥)}
is a o-algebra. If we take a class G C F such that X is G measurable then
o(X)cG. If o(X)CG = X 1(B) € G=X is G measurable. Hence X is G
measurable iff o(X)C G.

Exercise Show that the class {X~!(B) : B € B(R¥)} is a o-algebra.

Proof To show that the class { X~ 1(B) : B € B(R¥)} (Lets call it C) is a o-
algebra, we have to check the 3 properties of o-algebra. 1.) By definition of ran-
dom variable function X ~}(RX) = Q,RE € B(R¥),s0 Q € C.2.) If X~ }(B) €
C, then (X~1(B))® € C should hold. But X ~}(B))¢ = X ~}(BY), since B(R¥)
is a o-algebra,B¢ € B(RX), X~1(BY) € C. 3.)If X 1(B;), X 1(Ba).... € C,
then U2, X ~1(B;) € C. This condition holds, since B(RX) is o-algebra, then
U, B; € B(RY), but then U, X~1(B;) € C. QED.

Definition Suppose we have probability space (2, F,P) and a random
vector X : (Q — RE on (RE B(RX)). Then uy is called the probability
distribution of X. We take a Borel set B € B(RX) and define its measure
px(B) = P(X~Y(B)) = P(X € B). It is the measure of the probability of all w
st{weQ: X(w) e B}

Insert here Figure 12



Claim tx is a probability measure on (RX, B(RX)).Then we have the
new probability space (9, F,ux).

Proof To prove that py is a probability measure, we should check the 3
properties of probability measure. 1.)ux (B) > 0, by definition and the fact that
P is a probability uy(B) = P(X"1(B)) > 0. 2.) ux(RX) =1 : By definition
px (RY) = P(XTHRY)) = P(Q) = 1. 3) pux (U2, B;) = 3272, i (B; ) Bin
Bj = 0, then by definition px (U2, B;) = P(X (U5, By)) = P(U2, X ~(By)),
since P is a probability P(U2, X ~1(By)) = 372, P(X'(By)) = Zj’;l pi (Bj).

Insert here Figure 13

Distribution Function
Fy :RE SR
Fx(xl,l‘Q,....l‘K):P(XlSCUl,XQSxQ, ..... 7XK§1'K)
Fx(z1,22,...0x) = px((—00, x1]x(—00, z2]T...(—00, TK])

Example If X is a random variable, FX( ) = P(X <z)=PX ¢
(700737]) = ,LLX((fooaz])' It X = (XlaXQ) (zlﬂz ) = P(Xl < 7, Xy <
w2) = P(X € (—o00, m1]z(—00, x3]) = px ((—00, 21]z(—00, z2]).

Insert here Figure 14

Homework Review properties of distribution functions!

Probability Distributions

Suppose we have probability space (Q, F,P) and a random vector X =
(X1, Xa...., Xk), then py on B(RE) is a probability distribution of X.

Insert here Figure 15

Definition uy (B)=)_ .5 m(s); ux is discrete if there exists a countable
(at most) set S = {s1, s9.....} in R¥ such that

ux(B) = Z m(s;)1p(s;) Zm (84)0s,(
i=1
1 sie€B . .
where 6,,(B) = { 0 s ¢B }zs Dirac Measure.

10



0s(A) is the probability measure that puts all its mass on s. Note that
15(s;) = 05, (B). The above equation can also be read as p1x is a convex com-
bination of Dirac probability measures. ( convex= m(s;) < 1,Xm(s;) = 1).

Definition Suppose we have probability space (Q, F,P) and a random
vector X = (X1, Xs...., Xi) with probability distribution py on B(RX). The
probability distribution py is called absolutely continuous if there exists a
nonnegative integrable function f, (density function of X), such that the
distribution function Fx (equivalently 1) can be written as

B)=[ f(z)dx
where B is a rectangle.

B (a1,bi]z(az, bo)z....(ax, bK]

/Bf(x)dm = /bl /b2 bexl,....xK) day..dg

Riemann Integral

I= rectangle, f : RX — R, f is continuous

Definition A collection of disjoint rectangles such that their union is I is
called partition of 1

/I f@yde = supz (inf 7))

where I is measured with
K

A = [0 - a)

i=1

is called the Riemann Integral.

Insert here Figure 16

As we can see by the definition of Riemann Integral, that it is based on
rectangles, so it is not suitable to integrate density functions of other shapes.
So, we have to extend the the measure A(I) to Borel sets.

= mf Z A(I)j:LQ..An
Jj=1

11



Note that the infimum is defined over all families of rectangles (1);=12..n
such that B C U}, ;.

Definition A family of rectangles (I),=12.. ., such that B C Uj_q1; is called
cover of B.

Definition The above defined measure A(B) is called Lebesgue measure.

Insert here Figure 17

Lebesgue Integral

Now we can define the Lebesgue Integral on Borel sets.
fB f(x)dac = sup Z;‘L:l(infoBj f(m)))‘(BJ)

Note that for Lebesgue Integral we do not need a continuity assumption
on density function, it is sufficient that the density function is measurable.
Lebesgue Integral coincides with Riemann Integral if it is defined on rectangles;

fB f(z)dz = fI:B f(z)dx
Lecture 4 / Week 3

Random Vectors and Integrals

Suppose we have the probability space (2, F,P): And a random vector
X : Q — RE. We defined the probability distribution of X as uy(B) =
P(X~Y(B)) = P(X € B) which can be either discrete or absolutely continuous.
We also defined the the Lebesgue Integral on Borel sets yix (B) = [, f(x)dx for
every Borel set B. This integral is defined for nonnegative functions, since the
density function f(z) > 0. It can also be defined for negative functions in the
following way:

f : RE =R, measurable
@) = max(f(),0)
f~(x) = —min(f(z),0)
_ I fx) =0
fH@) = {0 f(x) < 0}
_ _ [—f@) f(x) <0
f ) {0 f(x) > 0 }

Insert here Figure 18
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Definition [, f(z)dz = [, fT(x) — [, f~ (), since f = f+ — f~ (Note

that we used the linearity of integral.). Then we also have that
x)  f(x)=0

f~(@)  f(x) <0

Exercise Show that if we integrate over B and [, f(z)dz = 0 if A(B) = 0.

Proof Recall that [, f(z)dz = sup Y} (infrep; f(2))A(B;) = 0 and
A(Bj) = 0 = A(Bj) =0 Vj, since A(Uj_; Bj) = >_7_; A(Bj) = A(B). Then this
implies that sup Y_7_, (infiep; f(2))AN(B;j) =0 = [ f(z)dw.

Definition (Almost everywhere) The measurable functions f,g are such
that f = g except on a Borel set of Lebesgue measure zero (A(B) = 0), then

Af(m)dx:Ag(m)dx

Formally, the measurable functions f, g are almost everywhere equal iff
there exists a Borel set N = {z € Q: f(x) # g(x)} with A\(N) = 0.

Proof Intuitively we can split the domain into two parts, where the two
functions have equal values and where they have different values. Then we can
integrate;

z) —g(z))de = x) —g(x))dz x) —g(x))dx
L@ =gt [ (@) gttt [ (@) @)

Fr@) 4 f(@) = @) = {

In the part of the domain where the two functions are the same, the integral
is zero(first term in summation). Where the function values are different, then
by hyphothesis we have the measure 0, as we just proved than the integral is also
zero( then RHS of equality 0) and hence the assertion holds,i.e. [, f(z)dzr =

Jx 9(x)d.

Insert here Figure 19

The above proof and the figure is a crucial observation. If we change
the function on countable infinite points, the integral of the two functions would
not change! The picture shows the case for one point change in the domain

b'e

f(z) 3 :
f[o,1] f(x)dr = f[o,l] g(z)dx, where {0 x:; , but then the set is N =
{x € Q: f(z) #g(z)} =, and A(3) = 0. Notice that it could also be the case
for countable infinite points as long as they have zero Lebesgue measure. (For

instance natural numbers in real line.)

Suppose we have an absolutely continuous distribution: px (B) = [5 f(z)dz.
An important implication what we have just seen is that the density function f
is not uniquely determined, i.e. for different density functions we can still have
the same probability. The following graph is such an example:

f(x):{oe_w iig}

13



Insert here Figure 20

Another example to see this phenomenon is the uniform distribution on [0,1]:

1 1>x>0
J@) = { 0 otherwise }

1 I1>x>0
f(@) = { 0 otherwise }

Both are suitable density function for uniform distribution.
In general, there are many versions of the density function of an absolutely

continuous probability distribution. Two versions can differ only on a set of
Lebesgue measure 0. Two versions of the same probability distribution are

almost everywhere equal.

14



Relation between Density and Cumulative Functions

Consider absolutely continuous probability distribution:

F(wl,l‘g ....... .Z'k) == P(Xlg.’ljl,XQS.’L‘g ........ ngack.)
P((X7....X%) € (—00,21] X (—00,22] X ...... (—o0, zk])
= / f(s1,82.....8%)ds1dss...ds, =
(—o0,z1]z(—00,22]. ... (—o0,zk]

T T2 T
/ / / f(81782 ..... Sk)dSldSQ...dSk =
o paspme
/ / / f(s;,s5.....5;)ds dsy...dsy,

=
"
-
"
2
X
z
I

Independent Random Variables

Suppose we have two events A,B on a probability space (£, F,P). Then
these two events are independent iff

P(ANB)=P(A).P(B)
Homework Review conditional probability and Bayes Rule.

Suppose we have a sequence of events: Ai,As, ...... A,,, they are inde-
pendent if for any choice of n and indices iy,is.....ip,

P(A;, N Asy.... Ay) = P(A

. 0 )-P(A4:,)....P(A;,)

i2

Example If we have 3 events A, B, C, they are independent if n=2:

P(ANB) = P(A).P(B)
P(ANC) = P(A).P(C)
P(CNB) = P(C).P(B)

Since it holds for any n, we can also take n=3:
P(ANnBNC)=P(A).P(B).P(C)

This will be used to define independent random variables. (discrete or abs.
cont.)

Definition  Suppose X;, X5 are random variables on (Q, F,P) are inde-
pendent if for every sequence Bi,Bs..... of Borel sets the events (X; € By),

15



are independent. Note that also the sigma-algebras generated by these ran-
dom vectors (X; € Bi)e 0(X1),(X2 € By)€ o(Xa)......are also independent.
[recall the dice example in the book: once we roll the dice, the event of having an
even number generates the sigma-algebra Fix = {(1,2,3,4,5,6),0, (1,3,5), (2,4,6)}]

P(X, € Bj, Xs€ By...X;, € By) = P(X; € By) x P(X3 € By)........ P(X} € By
for ¥V Borel sets By, Bs....

The o-algebras generated by the random vectors are independent,i.e. take
one event from o(X;)and another event from o(X5), then these events are inde-
pendent. In other words the information on X;(o(X7)) and the information on
X2(0(X2)) are independent if every event of o(X7) is independent from every
event in o(Xy).

Theorem The random variables (X;, Xo,.... Xk ) are independent if and
only if the distribution functions of Xy, Xo,.... ,Xg

F(Xth _______ Xk)(xl,xg ....... xk) = FXl(.’El).FXQ(CL'Q)....FXK("EK)

for ¥ xq1,xo....... Tk

If X4, Xo,.... , Xk are discrete

If Xy, Xo,.... ,Xg have absolutely continuous probability distribution,
then independence is equivalent to

for oo = fxi(@1).fx,(@2)....fxg (k) for V a1, za....... Ty
where fx,(x1) is the density function of the random vector.

for suitable versions of densities. (= At least one version exists.)

Expectation of a Random Variable

The first thing to note is the expectation of the random variable does
not depend whether it is discrete or absolutely continuous. We will define it for
three different cases:

1. Simple Random Variable: Suppose we have the probability space
(Q, F,P) and the simple random variable such that

n
X = Zai']‘Ai
i=1

16



Then we define the expectation as

E(X) = Y ai.P(A))
i=1

ar weEA
as w€ As

a, we€eA,

Observe that F(X) is the mean of the values taken by X (aj........ an)
weighted by the probabilities of Ay, ........ A,

2. Non-negative Random Variable: Let X> 0. Recall that we can ap-
proximate the random variable by a sequence of simple random variables.
In this case it is defined as

E(X) = sup E(X.)
0 < X.<X

X, is simple.

The idea is approximate X by a sequence of X,, of simple random variables
X, >0, 8.t X= lim,_,»X,.( We have already proved it.)

E(X) = lim,—oE(X,)

Notice that E(X) can be +00, since it is a limit, even though the terms in
the limit cannot be oo, since they are simple function which by definition
take finite values.

3. General Random Variable: The expectation of X can be defined as

B(X) = B(X')-E(X")
if at least one of the expectations is finite.
Convention if E(XT)<oocand E(X7)=00= F(XT) - E(X™) = —c0.
ifE(Xt)=occand E(X7) <oo= E(XT)—E(X™) = +co.

Definition If F(X ') and F(X ) are both finite then E(X) is finite and
X is integrable.

E(XT) < ooand BE(X™) < co = E(X) integrable
E(X') < ocoand E(X ) =o00= E(X)= -
E(XT) = ocoand BE(X™)<oo= E(X)=+00
E(Xt) = oocand E(X™) =00 = E(X) not defined.



The definition of integrability is tricky, because we can integrate functions
that are not integrable, but we will then obtain oo as the integral.

Example floo %dw = lim, oo fln %dx = lim,, o [logz]} = oco. Here the
function itself is not integrable by definition, but the integral is co.

Insert here Figure 21

Relation between Expectation and Integrals

E(X) = /QXdP

w.r.t a probability measure P.

If we have a simple function

/X dP = alP(Al) —|—a2P(A2) +anP(An)
Q

= Zai.P(Ai) = E(X)

Insert here Figure 22

Definition [, X dP = [ X .14 dP. This equality tells us that we integrate
only over those parts of the domain where it belongs to set A and set the rest
to zero. (Using the indicator function.)

Insert here Figure 23

Theorem We have the following properties for expectation

(a) E(c)=c ( Notice that the constant function is a simple function= >_"" ; c.P(4;) =
.y P(A;) =cl=c=E(c))

(b) E(aX +bY)=aE(X)+bE(Y) < Expectation is a linear operator.

Proof We use the following definition of Expectation= F(X) = lim,_,cc E(X,).
We will prove for X > 0 and Y > 0.(General: X = X+ — X~V =
Y+ —Y™). We take the following sequences X,, T X and Y,, T Y. For

18



a,b> 0, aX, + bY,. (property of simple functions) and T aX + bY (prop-
erty of simple functions). Then

E(@X +0bY) = lim E(a.X,+bY,) =" lim (a.E(X,)+b.E(Yy))
= prop-limeg im (B(X,) +b. lim (E(Y,) = a.E(X) 4+ b.E(Y). QED.

() since (a. X, + b.Y,,) simple

= B _aila, + Y bilp) =" "0a;P(A)+> bj.P(B))
=1 j=1 1=1 j=1

recall def. X = > a;1a,E(X) =) a;.P(A;)

i=1
(c) If X > 0,then E(X) >0

Proof Let X be non-negative simple random variable; since X = >""" | a;.14,
X >0« a; >0, hence E(X) = Y1, a;.P(A;) > 0,since P(A4;) > 0 by def-
inition. Then use the following definition of expectation: E(X) = supg<x, <x
E(X,)>0,X,>0& E(X,) >0=supyx.<x B(X.)>0.QED.

(d) If X <Y, then E(X) < E(Y) < monotonicity

Proof By hypothesis X <Y < Y — X > 0. From previous proof ¥ — X >
0= E(Y — X) > 0. Using linearity, E(Y) — E(X) > 0. QED.

(e) [E(X)[< E(IX])

Proof We know that = < |z|. By monotonicity E(z) < E(|z|). We also
know -z < |z|.By monotonicity F(—z) < E(|z|). By linearity, -E(x) < E(|z]).
So E(x) < E(|z]) and -E(x) < E(|z|) imply that |E(X)|< E(|X|). QED.

Question If X;,, = — X, is it always true that F(X,) — E(X)?
Answer Not in general. This can be explained with the following counter
example: Suppose we have = (0,1) B(0,1) and P = A

Insert here Figure 24
Then, as one can see from the above figures;

Hw) =1 vw e (0,1),
XQ(W){QO u;tierwlbl}}

4w e (
X
3(w){0 otherwise

but then E(X,)=1 for Vn, X;, _ — 0and E(0)=0, therefore E(X,)- E(0).
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Monotone Convergence Theorem

If we have an nondecreasing sequence of non negative random variables , i.e.
X, >0 Xn < Xnt1 Vn, then

n— oo

it can also diverge to oco.

Note that in book notation we have E(X,,) = lim,, o [ gn(z)du(z), E(X) =
Jlimy, o0 gn(z)du(z). = limy, oo [ gn(z)du(z) = [lim,_ o gn(z)du(z) < E(X,) =
E(X)

Dominated Convergence Theorem

If there exists an integrable random variable Y such that (X,,)< Y for
every n, then

Xn N poz’ntwiseX E(Xn) N E(X)

n— oo

it converges.(finite)

Note that in book notation we have X, —pointwise X' o lim,, o gn (1) =
g(x). Y =g(x) = sup,>; |gn(z)| and integrable Y < [g(z) du(z) < oo.

Lecture 5 / Week 4

OUTLINE

1) How to compute expectations? Book §2.3, Theorem 2.18
2) Inequalities. Book §2.6
3) Product of independent random variables Book §2.7

How to compute expectations?

Since the formula: E(X) = supg< x, < x £(X.) is not very useful for compu-
tation, we need another tool to compute expextations.

Let X be a k-dimensional random vector, py its probability distribution
and g : RE — R a measurable function (B(RX)/B(R)). Note that if g is the
identity function, then E(g(X)) = E(X). Notice also that the random variable
Y = ¢g(X) is a function defined as Y (w) = ¢g(X(w)). Since g is a measurable
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function = ¢(X) is measurable and E(g(X)) is defined for this random variable.
There will be there cases for computation, namely, the general computation
formula, the case where the distribution of X is discrete and the case where the
distribution of X is absoulutely continuous.

Theorem The general computation formula for expectation is the following

EQKX3)=L/ o(e).px (de)

REK

Note that we have the following chain where the function g is defined (2, F,P)—*
(RE, B(RE), i) —9 (R, B(R)). Recall that

E(gw)) = /g(w)dP—> 3 cases
Q
g is simple — Zai.P(Az')
i=1

g > 0— sup /g*(w)dP
Q

0<g+<g

general g — /ng(w)dP—/g*(w)dP
Q Q

We define the integral fQ g(w)dP on the probaility space (2, F,P). Equiv-
alently, we can define it on (R, B(R¥), ux) st we have [px g(z).ux (dz).
(One might also encounter the notations: [px g(x).px (dz) = [px g(z).dpx =
Jpx 9(x).dF(x)). Hence we have

ﬂmxnzégwa:/'mmﬁxwm

REK

The former formula might be useful in finding the expectation of the sum
of two random variables ([,(X 4+Y') dP), whereas the latter one is suitable for

calculations.

The expectation is well defined if and only if [, g(2).puy (dz) is well defined,
hence E(g(X)) is finite iff [, g(x).ux (dz) finite and if both are finite their
values are equal. Therefore we can conclude that this equality holds.

Before we proceed with the proof of the theorem, recall that when X > 0,
E(X) = lim, .o E(X,) is equivalent to saying E(X) = supg<x,<x £(Xn) ,
where X, is simple random variable, 0< X,, < X and X,, T X (limit from
below).

Proof We will proof the result for 3 different cases, namely, 1.) g is simple,
2.) g > 0. 3) general case.
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1.) Case 1: Suppose that g is a simple function s.t g(z) = D" | a;.14, (),
w.l.o.g take Als disjoint. On the other hand, when ¢g(X) is simple, then we have
g(X(@) = S0y g1, (X (@) = S0y sy, (w). But then E(g(X)) =
S ai P(XTHA)) = 30 aspx (Ag). Since [ g(x).dpy = Y00 az iy (As)
given that g(z) = > a;.1a, (), we have shown that E(g(X)) = [px 9(2).ux
(dz) if g is a simple function.

2.) Case 2: Suppose g > 0 and let g,, be simple nonnegative function s.t
gn T g. By the first case we know that

E(gn(X)) = [

[ on(@)x (a)

By monotone convergence theorem, if take the limit, n— oo, since g,(X) 1
g9(X), then E(g,(X)) — E(g(X)). Also by definition of integral, we know that
if we take the limit, n— 00, [px gn(2).ux (dz) — [ox 9(2x).px (dz). Hence, we
have shown that the equality holds: E(g(X)) = [ox 9(2).ux (dz).

3.) Case 3: The general case for g : We will use the fact that g(z) =
g7 (x) — g~ (z) and g(X) = g7 (X) — g~ (X). Since both g™ > 0 and g~ > 0, we
can use the second case,

E((X) = B(g*(X)) - E(g (X))
/ 9(x) jix (dx) = / g (2).4ux (dz) — / g™ (2).4ux ()
RE RK RE

Since we have shown in case 2: E(g7 (X)) = [px 97 (2).1x (dz) and E(g~ (X)) =
Jox 97 (@).px (dz). We have that

P(o(X)) = [ ala)iux(da)
Note that if both expectations are E(g7 (X)) = oo, E(g (X)) = oo, then
E(g(X)) is not defined. QED.

Still we have the answer the question of how to compute the integral once we
have either a discrete distribution of X and absolutely continuous distribution
of X.

Case 1: uy is discrete distribution, i.e py(A4) = > g4 m(s), where S is
at most countable and m(s) : the mass function. (m(s) = p(s) = P(X = x),
p(s)=probability function). Then

/R 9@ () = 3 gls)m(s) & B(X) = Y o)

ses

Proof Exercise. Prove it for simple functions. (Hint use the definition of
integral.)
Let g(z) = > a;.1la,(z), wlo.g take Ajs disjoint. And let
g(s) = Y71 a;.14,(s).We already know by definition of integral that [, g(x).dux =
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2?21 ai-pix (A;). Since py (A) = EsgSﬂA m(s) and py(A) = E?:l px (Ai), we
have UX(Ai) = ZsesmAi m(s) ) then fRK g(m)'dﬂX = E?:l Qi. ZSGSmAi m(S) )
since Zsesmm m(s) = > ,cg1a,(s).15(s).m(s) . Then since 15(s) =1 Vs € S
Jorx 9(@)dux = 37710 D cgla(s)m(s) = 3 cqding @ila,(s)m(s) =
Y scs 9(5).m(s).QED.

Case 2: py is absolutely continuous distribution: py(A4) = [, f(z)dx.
(LHS: Lebesgue integral). Then

[ o@nxtdn) = [ gta).sa)da
RK RE
Proof Exercise. Prove it for simple function g.
Let g(z) = Y., a;.1a,(z), w.lo.g take Als disjoint. We already
know by definition of integral that [;. g(z).dux = > ;; ai.px(A;). Since
px(Ai) = [, f(@)dz, then [or g(x).dpy =370, ai- [ f(x)de =370 a;i. [or 1a,(2).f(z)de =
Joe S0y i, (). F @) = fo 9(2)-F ()

Inequalities involving Mathematical Expectation

There are some inequalities involving mathematical expectation which
turn out to be useful. Before proceding to these inequalities, we mention some
basic definitions:

Definition The m’th moment of a random variable is defined as E(X™),
whereas the m’s central moment is defined by F(|X — pux|™), where py =
E(X). The second central moment is called variance of X, denoted by var(X)=
E[(X — px)? = E(X?) — (E(X))? = 0%. The covariance of a pair of random
variables (X,Y) is defined as cov(X,Y)=E[(X — pux)(Y — uy)], where uy =
EY).

1.) Chebishev’s Inequality: Let X > 0, i.e nonnegative random variable
with distribution function F'(z) and let ¢(x) be monotonic, increasing,nonnegative
measurable function. Then

P(X >e)=1-F(e) < 222N

Exercise Show that it holds for elementary case: P(|X —px| > ¢) < %E;X)
Proof Since ¢(z) be monotonic, increasing,nonnegative measurable func-

tion, we can let X — |X — | and pick the following function

P(X) = {)52 xxfoo}

then

X~ px®) _ var(X)
X

B
P(|X — >e) <
(X - x| > ) < = ’

QED.
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2.) Cauchy-Schwartz Inequality: This is a special case of Holder’s
inequality. It says that

E(XY|) < E(X2).\/E(Y?)
lcov(X,Y)] < Vwar(X).\/var(Y)
IEIX = px)(Y = )]l < BIX = px) (Y = )]l < VEIX = ux PLVEIY — py)?] =

= Vowar(X).\/var(Y)

Holder’s inequality is

B(XY]) < (B(XP)r.(E(Y]9)%

1
wherep >1, —+-=1
P q

IB((X — 3 (Y =iy )]l < B((X = )(¥ — iy )] follows from property of ex-
pectation (Jensen’s Inequality). Recall that cov(X,Y) = E(X.Y)—-E(X).E(Y)

and p(X,Y) = \/ﬁx\’/% From this inequality it follows that |p(X,Y)| <
1.

3.) Liapounov’s Inequality: This also follows from Holder’s inequality.
For 0 <a <

(E(|X|*)* < (B(X|?))?

This inequality holds trivially if RHS is infinite and LHS is finite. Moreover,
if £(]X|?) is finite, this implies that F(|X|*) finite. Formally, if X has finite
moment of order k, then X has finite moment order j Vj < k.

Example If F(X?) < oo, then E(X) < co = E(X) exists and is finite.
(B=2,a=1).

4.) Jensen’s Inequality: Let ¢(X) be convex measurable function (given
E(o(X)) exists) and X simple random variable. Then

E(p(X)) = p(E(X))

Example p(X) = X? & E(X?) > (E(X))?
p(X) = [X| = E(X]) = |E(X)]|

Insert here Figure 25
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Expectation of Products of Independent Random Variables

Let X,Y be independent random vectors and f , g measurable functions.
Then f(X) and g(Y) are also independent and E(f(X).g(Y)). Notice that

P(f(X) € Ag(Y)eB)=P(X € [(A),Yeg (B)=
"EP(X € fTHA).P(Y € g7H(B)) = P(f(X) € A).P(g(Y) € B)

Theorem If XY be independent random vectors, then

This theorem implies that independent random variables are uncorrelated,
but the reverse is not true in general.

Proof Suppose f , g are simple functions s.t f(X) = Y7 | a;.14,(X),
g(Y) = E;nzl bj.1p,(Y). Recall that 14,(X) = 1x-1(4,)(w). Then

E(f(X).g(Y) = EQ aila(X).) byl (Y)) =
i=1 j=1

= B Z a;.bj14,(X)1p,(Y)) =
i=1,j=1
= B( Y aibjlxayny-(n) W) =
i=1,j=1
= Z ai.bj.E(lX—l(Ai)anl(Bj)(W)):
i=1,j=1
= Y ab PXTHA)NYTY(B) =
i=1,j=1
) n
= M N 4., P(X € A)P(Y € B)) =

i=1,j=1
= Y aiP(X €4,).) b.P(Y €B)) =
i=1 j=1

= E(f(X))-E(g(Y)). QED

We have shown that the equality holds for a particular case where f , g are
simple functions. We have to show that it also holds for general f | g.

Exercise Show the above equality for general f , g.
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Proof Let f,g>0and f, T f,g9. T g, where f, and g, are simple functions,
as we showed before, then f,(X) and ¢, (Y) are indepedent. The simple case
we showed in the previous proof, i.e.

Then we know from the limit property [(lim (a,.b,)=lim a,.lim b,,) that

lim [/ (X(w)).gn(Y(w))] = lim f,,(X(w)). lim g, (Y (w))

n— oo n—00 n—oo

Using the monotone convergence theorem we know
(LHS)n—o0 E(f(X).g(Y)) = (RHS) E(f(X)).E(g9(Y))

Again given the limit property, i.e. if a,=b, Vn and a,, —a and b,, —b,
then a=b. Hence we have

E(f(X).9(Y)) = E(f(X))-E(9(Y))

In the last part of the proof we will show the general case; exploiting the
fact that

Then we can write

E(f(X)9(Y)) = E[(f"(X)-f (X)(g"(¥)—g~ (V)]
= E[(f"(X)(¢" V)= (ST (X)g~ (V) = [T (X)g" (V) + [ (X).g~ (V)]

Since the expectation operator is linear
= E[(f*(X).(¢"M)]=E[(f*(X).g~(V)]-ELf~(X).g"(V)+E[f~(X).g~ (V)] =

Since all the terms are positive valued function we can use the previous part
of the proof,

= E(f*(X)-E((g"(Y)-E(f*(X)).E(g~ (YV))-E(f~ (X)).E(g* (V) +E(f~ (X)).E(g~(Y)) =
Collecting the terms we obtain

E(f(X).g(Y) = [E(f7(X)) = E(f~(X))LE(g"(Y) - E(g” (V). QED.
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Lecture 6 / Week 4
OUTLINE

1) Examples of Conditional Expectation.
2) Definition of of Conditional Expectation. Book 3.1
3) Properties of Conditional Expectation Book §3.2

Conditional Expectation

Example 1 Consider the following Game of Chance: A coin is tossed 10
times and the winnings of the game is denoted by Y = 18§ per head. There are
two cases: 1.) The player can enter the game soon. 2.) The player can enter
the game after the first 6 tosses. (still receives the gain of previous tosses.)

Question: What is the fair price of the game in both cases?

Answer Case 1: The fair price of the game= 5$=F(Y") : expected winnings
of the game.

Case 2: Define X as the number of heads in the first 6 tosses,
then the fair price would be E(Y | X) = X +2 : the expected winnings given the
information about the outcome of the first 6 tosses, e.g. if there were 6 heads
in the first 6 tosses than E(Y | X) = 8.

Example 2 (Information is given by a g-algebra, not a random variable).
Consider the following Game of Chance: A box contains a couple of dice: read
dice and blue dice. The blue dice is numbered from 1-6 and the red dice is
numbered from 7-12. We take a dice randomly and throw it. The winnings of
the game is denoted by Y = the score of the dice in $. There are two cases: 1.)
The player can enter the game at the beginning. 2.) The player can enter the
game after having seen the color of the dice.

Question: What is the fair price of the game?
Answer Case 1: At the beginning of the game: E(Y') : % =6.5%
Case 2: After having seen the color of the dice:
E(Y|Fy) where 7y = {0,9Q, Blue,Red}

{ Blue: 1243444546 _ 3 5 }

E(Y‘FO) . 7+8+49 ?O 11+12
Red : %:9.5

Observations

e E(Y|Fy) is arandom variable.
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e Its value is completely determined if we know which events of Fy occur,
i.e. once we know the color in the above example we can calculate the
conditional expectation.

e E(Y|Fy) has the meaning of expectation.

Definition of Conditional Expectation

Definition Suppose that Y is an integrable random variable defined on the
probability space (€2, F,P). Let Fy be a sub o-algebra of F. Then, the condi-
tional expectation of Y given Fj is a random variable Z on same probability
space (2, F,P) such that

1. Z is Fy— measurable.

2. For every event A € Fy — [, ZdP = [, YdP

The first property can be interpreted using the previous example, once i
know the color (an event in Fy), i can find which value Z takes,i.e. Z = z. The
second property just says that the mean value of Y and Z is the same.

Definition If we know completely about the experiment, ( Blue dice and
5), then we have complete information, formally

Full information:=F (Y |F)

while we have partial information if we only know the color of the dice, but
not the number itself, formally

Partial Information:=E(Y|F)

Example We have the following sample space Q = {1,2,3,4,5,6,7,8,9,10,11,12}.
The numbers 1-6 are in the blue dice, 7-12 in the red dice. We can define two
different random variables.

Random Variablel : Y =12345678910 1112
Random Variable2 : E(Y|Fy)=3,53,53,53,53,53,5[/9.59595959595

The first random variable can takes values from 1 to 12, whereas the second
one (which is the conditional expectation, but a random variable itself,let’s say
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7) takes either the value 3.5 or 9.5. Then the mean values depending on the
event (blue or red)

On Blue: mean value of E(Y|Fo) =3.5

On Blue: mean value of Y =3.5

On Red: mean value of E(Y|Fy) =9.5

On Red: mean value of Y =95

This explains the second property of the definition that the mean values are
the same w.r.t the same event in the o-algebra.

Notation Almost surely (a.s) = with probability 1

Examples
Z1 = Zsas @P{w:Zl(w):Zg(w)}zl
Zy < Zyas & Plw:Zi1(w) < Z3(w)} =1
Znponeos — Zas & Plw:Z, (w)—Z(w}=1

Proposition E(Y|F)) exists whenever Y is integrable.

Proof Hint: Take a random variable Y and a o-algebra Fy it is possible to
find a Z that satisfies the properties of the definition of conditional expectation,
i.e Z is Fy— measurable and every event A € Fy — [, ZdP = [, YdP.

The question is, is Z uniquely determined?
The answer is almost, we can find Z; and Z; that satisfy the properties of
the definition of conditional expectation and it can be proved that Z; = Z5 a.s.

Properties of Conditional Expectation

Theorem The following properties hold:
1.) E(c|Fo) =c as.
2.) E(al.Yl + QQ.YQ‘fO) e E(al.Y1|.770) + E(ag.}/ﬂfo) a.s. (1e it is
linear.)

Example First property. Take F(c|Fy) and let Z; = ¢, then Z; satisfies
the two properties of the definition of conditional expectation. Let Zo = c+ 14
A € Fy P(A) = 0. Zy also satisfies the two properties of the definition of
conditional expectation.

Insert here Figure 26

Exercise Show that if Z; = ¢, then Z; satisfies the two properties of the
definition of conditional expectation.
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Proof 1.) cis Fy—measurable. 2.) For every event A € Fy — [, cdP =
c=[,YdP

3.) Conditional expectation is monotone:

IfY; <Y as then E(Y1|Fy) < E(Yz|F) a.s

4.) |E(Y|Fo)| < E(|Y| |Fo) a.s.
5.) Dominated Convergence Theorem:
ItY, — Y a.s and there exists an integrable random variable Z s.t

Np— oo

|Y,,|< Z, for every n, then
E(Yn|~¢.0)n~>oo - E(Ylﬁ)) a.s

and E(Y|F) must be integrable. If we take Y, integrable random vari-
ables and Y,, TY and Y is integrable by definition, we can use the dominated
convergence threorem instead of monotone convergence theorem. It becomes
redundant since in case of conditional expextation ¥ must be integrable.

Theorem FE(E(Y|Fy)) = E(Y).
Proof We use the second property of conditional expectation

/ E(Y|Fp)dP = / YdP VA e Fy
A A
since @ € Fppick A=Q

/E(Y\fo)dp /YdP VA
Q Q
E(E(Y|F)) = E(Y).QED.

Theorem If Y is Fy-measurable, then E(Y|F) =Y a.s.
Proof We have to prove that Y satisfies the definition of the conditional
expectation.

1. Y is Fo-measurable. (Y as Z in the definition).
2. [,YdP = [,YdP. (Y in LHS refers to RHS in the theorem, viceversa)

Proposition If Y is Fy-measurable, then Y behaves like a constant. E(Y|Fy) =
Y < E(e)=c

Theorem If Y is Fy-measurable, then

E(Y.Z|Fy) = Y.E(Z|F)) a.s

Proof Observe that Y behaves like a constant= E(c.X) = c¢.E(X)
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Lecture 7 / Week 5
OUTLINE

1) Further Properties of Conditional Expectation Book §3.2
2) Conditional Probability and its distribution. Book 3.1, 3.3

Conditional Expectation

Recall the definition, i.e suppose that Y is an integrable random variable
defined on the probability space (Q, F,P). Let Fy be a sub o-algebra of F.
Then, the conditional expectation of Y given Fy is a random variable Z on
same probability space (€2, F,P) such that

1. Z is Fy— measurable.

2. For every event A € Fy — [, ZdP = [, YdP

We have also seen the following properties if Y is Fy-measurable, then;

Y as
Y.E(Z|F) a.s

E(Y|Fo)
E(Y.Z|F,)

Now suppose we have Fy, F; and the random variable Y. The question is
whether the following equality holds in general;

E(Y|Fy) is r.v — E(E(Y|F)|F1) =" E(E(Y|F)|Fo)

So in other words, does the order matter? The answer is in general yes, the
order matters, i.e they are not equal.

Theorem Let Fy C Fq, then
E(E(Y|Fo)|F1) = E(E(Y|F1)|Fo) = E(Y|Fo)

Proof First we will proof the equality between first and third term; Given
that E(Y|Fp) is Fo-measurable

E(Y|Fo) ' (B) € Fo € Fi1 = E(Y|F) is also F;-measurable.

But then
E(E(Y|Fy)|F1) = E(Y|Fy) a.s
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It is left to prove that
E(E(Y|F1)|Fo) = E(Y|Fo)-

Call Z = E(Y|F,) and we'll check whether it satisfies the definition of the
conditional expectation of E(Y|F1) given Fyo.

Z is Fp-measurable by definition.

Take an event A € Fy, so it is also true that A € Fy C Fi, but we want to
show that the following holds

/AZdP:/AE(Y|}'1)dP

since the event belongs to both o-algebras and following the definition of
conditional expectation, the RHS above equals

/AE(Y|}"0)dP:/AYdP

On the other hand from the definition of conditional expectation Z, we know
that it equals to the LHS below. Hence it follows that

/YdP:/ YdP. QED.
A A

Theorem Suppose we have E(Y|Fy), Y and Fy are independent. This is
same as saying o(Y) and Fy are independent. Then

EY|Fo) =E(Y) as

Proof E(Y) is Fy- measurable. (Because it behaves like a constant—
constant random variable)

c—1<B)={weﬂﬁceB}:{?? zzﬁ}

since every c-algebra contains (€, ). So, in general every constant variable
is measurable w.r.t. every o-algebra.

Definition o(Y') and Fj are independent. (or Y and Fy are independent.).
For every A € o(Y') and B € Fy = A, B are independent

P(ANB) = P(A).P(B)
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So knowing that Y and F( are independent,

€

A Fo
/ E(Y)dP / YdP = E(Y).P(A)
A A

/ YdP
A

Exercise We exploited the fact that 14 and Y are independent. Show that
it’s true.

Proof We know that o(Y") and Fy are independent. Take an event A € Fy.
Notice that

/ 14.YdP = E(14.Y) = E(14).E(Y) = E(Y).P(A) (RHS)

A 1e By OQBl
A 1¢B; 0€ B
0 1¢B, 0¢ B
Q 1le By 0€ By
Insert here Figure 27

But then
B1, By P(lA(u))GBl,YGBg)

since the event (14(w) € By) belongs Fy, which follows from the fact that
A € Fy and Fy is a o-algebra, then it also follows

P(].A(w) S Bl,Y € B2) = P(].A(w) S Bl)P(Y € B2)

since o(Y) and Fy are independent and this completed the proof that 14
and Y are independent.

Example Toss a coin 10 times. Let Y = the number heads and X = the
number heads after 8 trials. We need to formalize E(Y|o(X)). Call

Z = Y — X := the number heads in the last 2 trials
Y = X+Z7

Note that X and Z are independent, while X and Y are not. Then

E(Y|o(X)) = E(X+Zlo(X))=""""" BE(X|o(X)) + E(Z|o(X)) =
p’re'u.theoremX 4 E(Z) =X4+1

So in fact the conditional expectation E(Y|X) is a function in X

EY|X) = X+1=g9(X)
where g(x) = z+1
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Note also that
E(Y|o(X)) = E(Y]X)

Theorem Let Y be a random variable and X be a random vector. If Y is
measurable w.r.t o(X), then there exists a function g s.t

Y =g(X)

Proof Before proving the theorem, we will show that the converse of the
theorem holds, i.e.

Y = g(X) =Y is measurable w.r.t o(X)
We take the inverse of the r.v

Y U(B) = {weQ:Yw)eB}={we:g(X(w)eB}=
(weQ: X(w)eg ' (B)}eaoX)=
= {weQ: X (¢ '(B)} €a(X)

i.e Y is measurable w.rt. o(X).

On the other hand, the theorem says that
E(Y|o(X)) = E(Y|X) is a function of X.
Suppose Fq is o-algebra. We have the triple (2, F, P) and Fy C F. Also
suppose that the event B € F. We use the following definition

Definition

P(B|Fy) = E(1p|Fo)
E(1p) = P(B)

‘We observe that

1. P(B|Fo) is Fo-measurable random variable. (by definition of conditional
expectation.)

2. A€ Fy, fA P(B|.7:0)dp —def.-E(15|F0) fA 1BdP=f1AleP:flAanP=
P(AN B). Hence

VA € Fo,
/P(B|J’L‘0)dP — P(ANB)
A
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Since the conditional expectation is monotone we have

0 < 1p<1
E(0|F) < E@1p|Fo) < E(1|F) as
0 < P(B|F) <1
since P(B|Fy) = E(1g|%o) and E(0|F) =0, E(1]F) =1

Definition We can generalize the previous result. Let both X and Y be
random vectors. Then

P(Y € B|X)=g(X) Be B[RY)
PY € B|X)=P{weQ:Y(w)e€ B}|X)
g(x) = P{Y(w)e B|X =x)

this function is called the conditional probability distribution of Y
given X = z. In fact, this is more general formulation of the wellknown condi-
tional probability
P(ANB)

P(B)

which requires that P(B) > 0, whereas the new definition well defined over
the whole domain.

P(A|B) =

We will introduce the conditional probability distribution function in two
different cases, namely; discrete and absolutely continuous cases

1. (X,Y) discrete random vector

P(X = an = y) :PX,Y($73J)

Then we can define the function as follows
px,y (z,y)
FA X\ z 0
py|x (y|z) —{ Opx@c) px(z) # }

Then
PY eB|X =x) = ZPY\X(Z/W)

yEB

Then the conditinal expectation will be calculated by

E(g(YV)|X =2) =) g(u)py|x(ylz)
y
2. (X,Y) absolutely continuous random vector
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In this case we will have the following density function

fxv(z,y)
_ ) T fx(x) #0

And consequently

P(Y € BIX =z) = /ny|x(y|50)dy

Then the conditinal expectation will be calculated by

E(g(Y)|X =) = / o)y 1x (le)dy

Definition Let Aq, As..... be events and let Fy be o-algebra. Ai, As... are
said to be conditionally independent given Fy if for every n and i1, 49, ....ip,

P(N_, A |Fo) = [[ P(A;,1F0) as

j=1

Proposition Y7,Y5... are conditionally independent given Fy if for every
By, Bs....(Borel Sets) the events (Y1 € By),(Y> € By) are conditionally inde-
pendent given Fj.

Example Toss a coin 100 times. Let

X1 = the number of heads after first 10 tosses
X5 = the number of heads after first 50 tosses
X3 = the number of heads after first 70 tosses

Note that these three variables are not independent, but X; and X3 are
conditionally independent given Xs. In other words, knowing X5 (the number
of heads after first 50 tosses), X; ( the number of heads after first 10 tosses)
does not give any information on X3. (the number of heads after first 70 tosses.)

Proof We will show that
P(X1 = 331,X3 = .’173|X2 = .73‘2) = P(Xl = .’171|X2 = .%‘Q)P(Xg = .T3|X2 = 1‘2)

First note that the random variables X7, X5 — X1, and X3 — X5 are inde-
pendent. Then

P(X1=21,X0 =22, X3 =23)  ,0me event P(X1 =21, X0 — X1 =29 — 21, X3 — Xo = 23 — 23)

P(X2 = 3132) P(X2 = .’L‘Q)
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We multiply and divide by P(X5 = z3) and using indepence

. P(X1:1'17X2_X1:m2_1'1) P(Xg*XQZxZi*xQ):

a P(ngl‘g)
P(X) =x1,Xs = x2) P(Xg=122,X3— Xy =13 —22)
P(X2 :IQ) ' P(X2 :l’g)

AISO noting that P(X1 = .731,X2 — X1 = T9 — .731) and P(Xl = $1,X2 = $2)
are the same events(strictly speaking probability of the same event), we can

conclude that
P(Xl = 1‘1|X2 = LUQ)P(X;), = .’,C3|X2 = $2)

Lecture 8 / Week 5
OUTLINE

1) An example

2) Best Forecast Scheme

3) Conditioning on Increasing o-Algebras

4) Distributions of Transformations of Random Vectors
)

5) Noteworthy Distributions

Example Suppose we have two random variables X,Y. We know that X
has the exponential (\) distribution with the density function (absolutely con-

tinuous)

fx(z)= )\.e*’\'wl[om) (z)

We also know that the conditional probability distribution is discrete: (Y|X =
x) ~ Poisson(z) Note A = x.

e .Y

y!

PY=ylX=2)= y=1,2....

Suppose we want to compute E(X.Y) = E(g(X,Y)). The problem is the
function g has one discrete and one abs. continuous component, and we do not
know how to compute the expectation in such a case. BUT, we can exploit the
properties of the conditional expectation, i.e

E(X.Y) = E(E(X.Y|X)) = E(X.E(Y|X))
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But we know that the expected value of a variable with poisson distribution
is E(X) = A. Consequently, E(Y|X =z) =z, or E(Y|X) = X, but then

E(X.E(Y|X)) = E(X.X) = E(X?)
Then using the formula
var(X) = B(X?) - [B(X)]?

and recalling that the expected value and the variance of a variable with
exponential distribution; E(X) = %,var(X )= %, respectively, we have

1 1 2
E(X?) =var(X) + [B(X)]* = Tte= o QED.

This example is a good illustration where we have to exploit the properties
of conditional expectation.

Best Forecast Scheme=Conditional Expectation

The conditional expectation E(Y|X) has a special interpretation once
the second moment of the variable Y has finite moment, formally E(Y?) < co.
Namely, it is the best forecast of Y based on X; i.e suppose we have a random
variable Y and a random vector X and we want to predict Y as a function of
X. Then we claim that, which will prove in a second, g(X) is the best predictor
of Y, in the sense that it minimizes the prediction error. We need the following
definition to clarify the problem

Definition We define the mean square error of prediction (MSEP)
as follows E[(Y — g(X))?]. In words, this is the expected error we are trying
to minimize, naturally it is the expectation of the square of difference between
the actual random value(Y) and our prediction(g(X)). Note that it is squared
so that positive and negative errors cannot cancel out.

Theorem The funciton g that minimizes MSEP is g(X) = E(Y|X). For-
mally, for every function g(X)

E((Y - g(X))?) = B((Y — E(Y]X))?)

Proof We take E((Y — g(X))?) and do the add/substract trick, i.e
E((Y — E(Y|X) + E(Y[X) - (X))?)

we group the terms and take the square

B((Y = g(X))*) = E[(Y - E(Y|X)) + (E(Y|X) - g(X)))’] =
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= E[(Y=E(Y|X)?|+E[(E(Y]X)-g(X))*]+2.E[(Y - E(Y]X)).(E(Y]X)~
OOV )

Then we show that
E[Y - E(Y|X)).(E(Y]X) —g(X))] = 0
EE(Y - E(Y]X)).(E(Y]X) - g(X))|X)] = 0
In the second line we used the conditional expectation property, i.e. the
expectation of the conditional expectation is the expectation itself, since the
second term of the multiplication is fixed at X, behaves like a constant, we can

take it out,
E[(E(Y[X) —g(X)).E(Y — E(Y]X)|X)]

but then
EY-EY|X)X)=EY|X)-EY|X)=0

Since in (*), the only term left that is dependent on g(X) is E[(E(Y|X) —
g(X))?], since it is a square, we can minimize the error by setting

E(Y|X)=g(X). QED.

The previous result has important implication in econometrics and parti-
caularly it is fundamental in regression analysis.

Conditioning on Increasing o-Algebras

We might want to make predictions in more general settings. Assume that
we have the following sequence of random variables

{Y;t}i(t)ifoo

Then we might want to know what the best prediction Y; is based on the
Y’s at times t-1,t-2.....t-m.

EY|Yi—1,Yi—2.....Yim)

as m goes larger(m — oo) the o-algebra (the information set) becomes
larger as well. We interested in answering questions such as; what happens to
the conditional expectation as the sequence of o-algebra’s goes larger, i.e

What is lim E(Y:|Yio1,Yi—o..Yiom)?
The answer lies in the following theorem.

Theorem Let F, be an increasing sequence of o-algebras. (i.e. F, C
Frt+1). Let Foo = V2 F,, which is the o-algebra that contains the union of
o-algebras (since the union itself is not necessarily a o-algebra.) Then

EY|Fui)nooo — E(Y|Fs) as
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Proof It is complicated and thus omitted.

As mentioned above we are interested in
E(Yi|Yio1,Yioa.....)
but now following the theorem we know that
EY:|Yi—1,Yi9...Y,_) = E(Y¢|Yi—1,Yio.....)

if we have m large enough, in other words if we can collect as much past data
as possible (m large depends on the data and application, e.g whether data is
quarterly, weekly, or so) than we can be almost sure that we have all the past
information about the random variable and the expectation conditioned (based
on this information set) on this past data is going to be the best prediction of
Y;.
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Distributions of Transformations of Random Vectors

We have the random vector X and the function g s.t Y = g(X). We want
to know how to compute the distribution of Y once we know the distribution of
X. We will again analyse two different cases; discrete and absolutely continuous.

Case 1 We have a discrete random vector X :
px(x)=P(X =2) S={x1,2s....} at most countable

Then we will also have a discrete ¥ s.t Y = g(X) and Sy, = {y1,¥2.....} at
most countable. Note that in fact we have a vector X so the correct notation
should be

but we slightly abuse the notation. Then we will also have g(z;); {g(z1), g(z2).....g9(zx)},
but note that this set can contain less elements than k distinct functions, if some
functions have the same value, in fact it only includes functions g with distinct

values. Then

py() =P =y)=P(Xe€g ' ()= > pxlx;)
9(x;)=y:
We can better see this with an example:

Example We have the random vector X = (X7, X3) where X1, X> have
independent Poisson(A) distributions. We also have

9(171,1“2) = T+ x2
Y = Xi+Xo
Sl’ = {(070)7(071)7(170) """ }
s1 = 0,1,2........
so = 0,1,2........
S, = {0,1,2.....}

We are trying to calculate
PY=y)=PX1+X2=y) y=0,1,2.....
Using the previous formula and the indepence of two components
Y P(Xi=mz, Xy =x9) =" Y P(Xy =121).P(X; = 1)
T1+xo=y T1+x2=Y
we use the poisson distribution
e AN e AN

Z P(X1 = .’El)P(XQ :xg) = Z . =

.’171! .TQ!
T1+x2=Y T1+x2=Yy

PY = y)=—""1 4y=0,1,2..



Exercise Make the above calculation

- 2\%2

e e _ 1
Z PR =e A\, Z B

x1!.xs!
T1t+T2=Yy T1+x2=Y L2

Hint multiply divide by y! and use (1 +1)¥ =>_ <z') 1%.1v=%,

An important point to note from this example is that the sum of two in-
dependent poisson variables ended up to have a poisson distribution with the
parameter (2.)).

Case 2 X has absolutely continuous distribution: We know that then
we have

P(XeB)= /fo(x)dx

Suppose we have Y = g(X). Does the absolute continuity of X imply the
same for Y7 The answer is no in general. Here we have a counterexample;

Example X ~ N(0,1),s0 it has standard normal distribution and Y is the

following function of X :
0 X2>0
Y= { 1 X<0 }

Y = 1(700,0)(X)

but Y is a discrete random variable. In fact Y has Bernoulli(3) distribution.

1
2

PY = 0)=P(X>0) =

N~ N~

PY = 1)=P(X<0)=

In general, once Y has a absolutely continuous distribution we have

P(Y € B)=P(g(X)eB)=P(Xecg\(B) =
= / fx(z)dz
g~1(B)

P < y>/1( Sx(ayis
g (—o0y

Still we have to impose some conditions to be able to find the density of YV
directly from the density of X.

Theorem Let X be a k-dimensional random vector with absolutely con-
tinuous distribution and the density function fx(z). Let g : R¥ — R* be a
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one to one function such that its inverse function ¢~ 'is differentiable. Let
Y = ¢g(X). Then Y has absolutely continuous distribution with density function

frw) = fx(g7'())[det J(y)] on the set
{v = y=g(z) with fx(z) >0}
-1
where Ji;(y) = aéq;/ (Jacobian)
j

The following example illustrates such a case
Example Suppose X1, Xs independent N(0,1), i.e.

1 e
x) = .72
fX1,2( ) \/ﬂ
Also suppose that we have (Y1,Y3) , so 1-1 requirement satisfied and
Y1+ Y-
Yi = Xi+Xo=X) = 1—; 2
Y, —Y;
Yy = X1—X2:>X2:%
so the functions g; 2 are invertible (1-1)
_ Y| +Y
X = 91 1(Y17Y2) == 9 2
_ Y, —Y;
Xy = gy (V1,Ys) = — B :
so they are also differentiable (condition). Then we can compute the Jaco-
bian
1 1
- (1)
2 T2
det(n)] = 3
e = =
2
Applying the formula and exploting the indepence we have
Y1 +Y; Y1 - Y;
thYz(ylayQ) le( - 2)'fX2( - 9 2)5
1 7;(y1+y2)2 1 7;(y1*y2)2 1
= e 2l ) ——lem2l e ) ==
V2T V2 2
1 _1vi 1 _1v3
= e 22 e 22

So we have found that Y; and Y5 are independent and have the normal
distribution N(0, 2).
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Noteworthy Distributions

1. Normal Distribution: It is denoted by N (u,c?)

EX) = pu
var(X) = o2

1 ) 2
Ix(@) = e

2. Standard Normal Distribution: It is denoted by N(0, 1). It is a special
case of normal distribution

E(X) = 0
var(X) = 1
E(xX*Y) = 3
fx(z) = e

Exercise If X~ N(u,0?) and Y =aX + b, then Y ~ N(au + b, a?.0?)

Proof It directly folllows from the properties of expectation and variance.

E(X) Iz

EY) = aEX)+E®b) =an+b
var(X) = o?
var(Y) = da*var(X) = a*.0? var(b)=0

3. Chi-Square Distribution: It is denoted by X2 . Let X1, X»....X,, be in-
dependent identically distributed random variables with standard normal
distributions and set Y = X? + X2.... + X2. This new random variable Y’
has chi-square distribution with n degrees of freedom.

1

W) = Fayar vt e o)
EY) = nEX?})=n
var(Y) = nwar(X?) =n.[B(X}) — (B(X})) ] =n(3—-1)=2n

where I'(a) is called gamma function.
I'a) = / z* e "dx fora>0
0
Exercise Show that I'(a)) = (a — 1)T'(a — 1).
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Proof Since I'(a—1) = [[F2* 2.e *dz for a > 0, we integrate by

parts ['(a) = [ 2 Le "do=[—e "2 |5+ [ (a — 1)z® 2 "dx =

(a— DI (a—1).

Exercise I'(1)=1.

Proof Since () = [~ 2* L.e ®dx fora > 0,then (1) = [;~ a%.e *da =
1

Exercise I'(}) =7

Note that I'(n) = (n—1)!, this function is a generalization of the factorials
where n can be real numbers not just integers.

4. t Distribution XY are independent X~ N(0,1) and Y ~ X2.

T=—— t— distribution

5. F(Fisher) Distribution X ~ X2V ~ X2

F =

3|3 =
57
3

Lecture 9 / Week 6

Multivariate Normal Distribution

OUTLINE

1) Expectation and Variance of Random Vectors
2) Definition of MND
3) Properties of MND

Expectation and Variance of Random Vectors

In this section we will introduce vector and matrix notation. From now on,
a vector is always defined as a column vector. The superscript T, will be used
to denote the transpose of the vector which will be row vector. Hence,

v= . vl =(vy vy .. .. Um)(1xm)
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X1 E(Xy)
X E(X2)
x=| . E(X) =

Xn (nzl) E(X") (nxl)

where X is a random vector and E(X) is its expected value. (again a vector)
Then we can also define the variance which will turn out to be a matrix.

var(X) E((X ~ E(X)) (01)-(X — EX))") (1)

(nxn) —

To see how this matrix looks like we will analyse a simple case with n=2;

1

X
Example Let X be ( X ) Then the matrix will be

2

® (( 2 :§E§3 ) (X1 - BE(X) (X2 - E(XQ)))> -

E ( (X1 — B(X1))° (X1 = E(X)) (X2~ E(X2)) )
(X1 - BE(X) (X2 - B(Xy))) (X2 — B(X))

(et "oy’ )

where )., = var(X;) and ), = cov(X;, X;). This ) which quite often
used in econometrics is called the t =variance covariance matrix.
The following is a numerical example:

X
Example Let X be (Xl)' Let var(X;) = 2, var(Xs2) = 1, cov(X1, Xo) = 1.
2

Then var(X)=3" = ( f ' ) .

Note also that if X; and X, are independent then cov(X;, X2) = 0 which
amounts to saying that var(X) is a diagonal matrix; i.e.

= (6 )

In general if X7, Xs......X,, are independent then

var(Xy) 0 0 0
Z _ 0 var(Xs) 0 0
N 0 0 var(Xs) 0

0 0 0 var(Xy)

One should be cautious, because even though indepence implies no covari-
ance (no correlation) between two random variables, the reverse does not hold,
i.e no covariance does not imply indepence. In other words, indepence is a
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stronger condition than covariance. This idea can be better understood given
the following example;

Example Consider the following tableX\Y

X\Y -1 0 1 Mar. Prob
-1 0 1 1
1o 1 4
0 L 2
1 0 % 0 3
Mar. Prob. % 5 i

This table should be read as follows;

PX=0Y=-1)=PX=0Y=1)=PX=-1,Y=0)=PX=
LY =0) = 1.

PX=-1,Y=-1)=PX=0Y=0=PX=1L,Y=-1)=P(X =
,Y=1)=0.

PX=0=1PX=-1)=PX=1)=1.

PY=0)=L Py =—1)=P(y =1)=1

2 i

Given this information we can see that X and Y are not independent since

for instance

P(X = -1,Y=-1)=0
11_1

PX = -)PY=-1)=-.-=
( )-P( ) 44 16

On the other hand we can also calculate the expectation using the informa-
tion given in the table:

1

EX) = 0§+@n%+Li:0
EY) = 0%+04)3+Li:0
E(XY) = E@X)Y))
gX,Y) = XY
EXY) = Zx.y.pxyy(x,y) =0.

Proposition Given the random vector X(;,,»1) and the vector a(,) and
the scalar b.
E(a". X +b)=a.BE(X)+b

Proof Given the linearity of the expectation we have
E(a,l.X]_ +a2.X2—|— ...... aan—l—b):alE(Xl)—l—agE(Xg)—f——l—anE(Xn)—l—b ==
al . E(X)+b

In general we have given the random vector X, 1), the matrix A, ) and
the vector b, 1), we have

E(AX +b) = AEX)+b
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Proof Exercise.

Now we will see the counterpart of the previous result for var(Y)=>", where
Y = a”.X. Then we have

var(Y) = BE((a".X - B(a".X)).(a" X — B(a".X))") =
= BG".(X - EX)).(X - E(X))".a) =
= o B((X - E(X)).(X - B(X))").a =
T

= (1) (X) (nxn)-A(nx1)- (Note it’s a positive scalar.)

We have the assumption that E(Y) = E(a’.X) = 0, then the above result
simplifies to

var(Y) = var(a’. X) = E((a”.X).(a*. X)") = E(a” . X.X".0) = o . BE(X.XT).a

Proposition Let X(, 1) a random vector, A(;,xy) a matrix and by, x1)
another vector. Then

'UCL’I’(Y)(,,”X.,,L) = A(’!VLXTL)'Uar(X)(nXTL)'A,(l;LXn),)

Proof Exercise.

Definition If )" is a variance covariance matrix, then for every vector a
al. Z a > 0= Z is nonnegative definite.
al. Z a > 0= Z is positive definite.
Z is positive definite. =  The inverse of Z exists.
The inverse of Z exists. < det Z # 0.

recall that 7' = I (identity matrix.) ) — the variance covariance
matrix is non-negative definite and symmetric matrix. (ie. 37 = Y).

Definition Let X and Y be random vectors. Then

cov(X,Y) = E((X — E(X)).(Y — E(Y))T)

X
Example Assume we have X = ( Xl) and Y = Y, . Then
2

cov(X,Y)

X1 — B(X;) B B B _
E((XQE(X2)>(2X”-((Y1 BEY) (Ya-E(Y2) (% E(Y2)))(1x3)>—

_ (cov(Xl,Yl) cov(X1,Ys) couv(X1,Y3)
N COU(XZ,Yl) COU(X%}/Z) COU(XQvYS) (2x3)
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Question What is the relationship between var (X ),var(Xs) and cov(X;,X5)
if we have two random vectors such as Xj(xx1) and Xo((n—g)x1) such that we

X
have ( 1) .
Xy (nx1)

Proposition In the above case we will have

var( X ) _ ( var(X,) k) cov(X1, X2) (kx (n—k)) )
X2 (nxn) cov(X1, Xa)(iyxr) VAKX (k) x (n—k))

Proof Exercise.

X, n X
Example Assume that we have X = ( ) andY = Yy |, then ( )
Xo V- Y
3
X1
Xo
will be Yi . The following term will be its variance
Yy
Y3
X1 var(X,) cov(X,,Xy) cov(X1,Y1)  cov(Xy,Y2)  cov(Xy,Ys)
X, cov(X,,X,) var(X,) cov(Xa,Y7)  cov(X,Ys)  cov(Xa,Y3)
var | 1B | = cov(X1,Y1)  cov(Xa, Y1) var(Y,) cov(Y,,Y,) cov(Y,,Y3)
Ys cov(X1,Y2)  cov(Xa,Ys) cov(Y,,Y,) var(Y,) cov(Y,,Ys)
Y3 cov(X1,Ys)  cov(Xs,Y3) cov(Y,,Ys) cov(Y,,Ys) var(Y,)

to simplfy the notation generally > = ( %11 %21 ) is used.
12 22

Multivariate Normal Distribution

Recall that in the univariate case we have the normal distribution N (u,o?)
of a random variable X that has the following properties

BE(X) = n
var(X) = o2
1 1(@—p)?
r) = ———.e 2 o2
Ix@) = T

49



X1
Xo
Now we will analyze the analogous case for the random vector X =

XTL
Recall that we have an absolutely continuous distribution. Since the density
function of a random vector is the joint density of its components X1, Xs......X,,.
Then we will have

E(X) = Hnx1)
var(X) = Z
(nxn)
P, Kmxn) = (27) "% . det 53 (=) T2 (x—p)}

where 37 is not singular= det 3 £ 0= 37",
X1 0
Example Suppose we have X = x. |’ E(X) = 0) = var(X) =
2
< 3 1 > =Y. Hence a random vector with normal distribution Na( <8> ,
Then we can find det® and !

dety = 1

1 1 -1 1 -1
-1 _ - _
> n 1(—1 2)‘(-1 2)

we can always check i

—_ =

> . < _11 _21 ) = I. Then plugging in these
results into our formula

1 -1
2 1 “i{ 21 @ ( 1 2 )( il )]’
flzi,2z2) = (2m)72.17%.exp 2

flx1,20) = 2i exp ™ 3 {2102t 205}
™

Since we have found the density function then we can calculate for instance
the following probability by integrating;

1 o)
1
PO<X;<1,Xy>2)= / (/ Q—.expfé{ﬁfﬁlmJﬂzg} dx2> dx,
0 2 ™

N, (i, ") is the usual notation for multivariate normal distributions.

In the following part, we will analyze the analogous case for standard normal
distribution:
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Recall that in the univariate case we have N(0,1).

E(XX) = 0
var(X) = 1
fx(x) = e

vora

The multivariate standard normal distribution will be denoted by N,,(0,1,,),
where

100 0
;_|ot1oo
"“1o0o 01 0

00 0 1)

(nxn)

note that detI, = 1 and I,;! = I,,. Keeping this in mind we can write the
density

fx(x) = (@2m)°% exp*%{xTI"x} = (277)*%.exp*%{xTx} =
= (2m)"% exp25i=17] =
L1
since x'x = ( x @2 . . T,). 2 ) =z}t a5 +.. +a2
a:.n
= (2m) 3.1’[?,1 exp 2% =

|

=
.3

&
7N |
5~
3 |

o)

]

.UI

[§]

8

LN
N———

notice that each term of the product is the density of the univariate standard
normal distribution, hence we have X;, X5....X,, are i.i.d (independently and
identically distributed) with N(0,1).

where ¢ is the density of the univariate standard normal distribution. So
we have actually proved the following proposition:

X1
Xo
Proposition The random vector X = . has N, (0,1,) distribution
Xn
if and only if X1, X,....X,, are i.i.d.
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Lecture 10 / Week 6

Properties of Multivariate Normal Distribution

Example Assume we have the random vector X ~ Ny (u, ) and Y1) =
AX + b, where A is a (nxn) nonsingular matrix and b is a (nx1) vector. Find
the probability distribution of Y.

We know that X has multivariate normal distribution, hence its density
function is the following

Fx(x) = (2m) % . det S22 {C-m) 27 emp))
To find the density function of Y, we have to do the following transformation

Y = gX)&X=9'(Y)
Xinx1) = ALY =D mxy =971 (Y)

Then we can apply the transformation formula

fr() = fx(g7 ()| det J(y)]

First of all, notice that J(y) = A~!. We plug it into the formula

frly) = (27)7%.det E*%e*%{(A’l~(yfb)fu)T.Z’1(A’1~(yfb)fu)}.|det A7l =
= (2r) E AL D e 2 ATy AT ) T T ATy~ AT b))
notice that |det A™'| = |A\_1,det2_% = |Z\_%
AT = A7 = |AATE = [AAT TR D = |ADAT|

— (277)—%.|A_E.AT|—%_e—%{(Afly—Aflb—Afl.A.H)TE*(A*ly—A*Ib—Afl.A“)}
notice that we multiplied p with A" A = 1,50

= (27m)7%. A.Z.AT|7%_6*%{(y*b*A»u)T(Afl)TﬂflA*l~(y*b*Au)}

we take out A~1.(Note transpose gets out as transpose)

= (27m)7%. A,E.ATF%_e*%{(y*b*A»u)T(A»E-AT)*l»(y*b*Au)}.

— (2m) EANLAT| e (A ) T(ADAT) Ty (b Aw))

Thus we have shown that Y ~ N,,(A.u + b,A.3.AT).

Exercise Show that given ¢g71(Y) = X = A=L.(Y —b), then J(y) = A%

Proof Recall that J;;(y) = 889,;3_ . Since Xy, 1) and Y(;, «1), then i=n, j=n, so
we will have an n x n matrix. (A~! being a n x n matrix satisfies this.) Let’s see
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X _
with n=2 case. Then we will have X = N R i-b =
X9 az1  G22 Yy —bo

a11(Y1 —b1) + ai2.(Ya — b2) >
. Th
< a2 (Y1 —b1) + agz.(Yo — ba) o

_—1 X X1 0Xo
392 :8 z:<g}(ﬁl g}% :(an 021>:A—1_

dy; 0 ov; 0Ys @1z 422

Properties

Theorem Let X ~ N, (p,>) and Y = AX + b with A(,x,,) non-singular
matrix. Then Y ~ N,(A.u+ b, A.X.AT).
Proof We have just proved in the above example.

Assume we have Y ~ N, (p,> ) and also rank(} ) = K. We wonder if we
can define a normal distribution once we have a singular Y (= n > K). Recall

that
Z _ ( 211 221 )
Dz Do
We relax the assumption that the whole > is nonsingular, but we will

only assume that > ;; is a (k x k) nonsingular matrix, i.e. ) itself can

Y
be singular or not. Then we claim that the vector ¥ = < Lnxn) ) ~
(nx1)

2(n—kx1)

N, ((M), ( 2 X )) if Y1 ~ N (1), (32q,)) where >, is nonsingu-
2 21 22
lar and Y5 = AY; + b for some A and b.

1 0 1 0
Example > = 0 1 1 |, u=| 0 |. We can see that > _ is singu-
1 1 2 0

lar, since the third row is a linear combination of the first two rows. (detd_ = 0).

} : — Th Y]
In fact rank( ) = 2. en we can Split the Y vector into Y = < 1(2X1)>
(3x1)

2(1x1)

and define Y7 ~ N <( 8 ) ,< é (1) )> and Yy = A(lxg).Yl(le) + b. Notice
1

that ), = ( 0 (1) ) is nonsingular.(n=K=2), where E(Y3) = 0,var(Yz) = 2.

Theorem Let X ~ N, (u,>) and Y = AX + b and A(p,xn). (notice not
a square matrix.) and b be vector of size m, s.t

Yimx1) = Amxn)-Xnx1) T bmx1)
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Then Y ~ N,,,(Ap + b, AX.AT).

The above result holds whatever dimension and whatever rank of A.

Y
X
Example X = <X;)’ Yisx1) = Asx2)X@x1) +b@Ex1). ThenY = | Vs
Y3
has a normal distribution. Note that variance covariance matrix of Y is
singular. (rank(A(3X2).E(gxg).A(TQX3))(3X3) = 2, because rank(X(2x2)) =2 ).
X1
Or another example would be X = | Xo |, Y = Apu3)Xi3x1) + bexi),
X3
_(n T
then Y = v.) ™ No(Ap+ b, (AX.A%)(2x2))-
2
X
Xo
Another interesting case is when we have X= . and
Xn (nzl)
1 0 0 0 0 O
01 0 0 0 O
A= l0=119 91 0 0 0
000100/, .
C X, T
X3 X1 My Xy
. Xo Ho Xo
ThenY = A.X = (I | 0). X = ) ~ N, ) ,var
Xpi1 .
. Xk Hr, Xk
Xn

Theorem Let X; and X3 be random vectors of dimensions &k and (n — k),

respectively. If( X1y > ~ N, (<M1>, < X X )) . Then X7 ~
Xz(n—kxl) (nx1) Ho 22 22
Ni ((p1), (2241)) and Xo ~ N ((12), (3o02)) -

Example X = X, ~ N3 and then X; ~ N, Xo ~ N, X3 ~

X X Xs
N. ~ N. ~ N. ~ No.
<X2> > <X3> > <X3) ?

This theorem asserts that every subvector of a random vector with a normal
distribution has a normal distribution.

Now we will state two important properties of multivariate normal distrib-
ution:
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1. As we have shown in the first example, normality is preserved by linear
transformation: ¥ = AX + b.

2. Even though in general no covariance does not apply independence (recall
yesterday’s example), in normal distribution case cov(X;,Xs2) = 0 =

independence of Xy and X5 .(i.e when ~ N,. This property will

1
X2
be formalized and proved in the following theorem.

X
Theorem Let X; and X5 be random vectors such that (X1> ~ N,.(i.e it
2

has multivariate normal distribution.). Then X; and X5 are independent if and
only if cov(Xy, X5) = 0.

Proof The theorem says cov(X1,X,) = 0 < independence of X; and Xo
under normal distribution, so we have to prove both directions, but "< 7 is
already shown yesterday and it holds in general regardless of the underlying
distribution. So it left to prove that under multivariate normal distribution
"= 7 holds.

"= 7 Suppose cov(X7, X3) = 0, under normality assumption we have

()~ (G2) O 52,)

Recall the properties of diagonal matrices:

Co s )l

11

(i) 08 )

Be cautious because the above properties do not hold in general, only if we
have diagonal matrix.(i.e off-diagonal elements are 0’s.)
Then we can write the joint density of X; and X5 in the following way,

(oo ) (5 2 ) (o)
Fxoxa (x1,5%5) = (20) 5. S0 F [Soa| Fexpl  \ (K2TH2) 0 o J\ (xamho)

Note that we use the previous result that X; and X5 are normally distrib-
uted. Then multiplying out the term in the power of the exponential we have

>

22

Fxa o (X1, %) = (27) 73|S0 72 . [Saa| 2 exp 2 HOa i) S0 Ga )t 0o )T Ko (k2 —pa) }

%)



Also notice that ((x;—p,))" . 21’11 (x1—pq) and (xo—po) 7. 2521 (xa—ps)
are scalars. (A.X.AT = matriz, AT.3.A = scalar.) Now we can split it into a
product of two terms which will turn out to be the densities of both vectors Xy
and X5, which completes the proof, so it follows
= (2m) 5. Dy | 7 exp 2 UCa—m)) B0 Gam)} (90) =250 |5, F explOe s Ean' o —ha )

fx, x, (X1, %5) = fx, (%x1).fx,(%x2). = Xjand X5 are independent.  QED.

Keep in mind this result because it has nice consequences that will be useful
in most of the applications.

T -1
Exercise Show that ( (a1 =) > ( 2 071 )( (x1—p1) > _
(x2—pt3) 0 Yo (x2—po)
{((Xl—#l))T : 21_11 (x1—py) + (x2—pg) " 22_21 -(X2—H2)} '
Theorem Let X ~ N, (0,1,) and Y = B(kxg_)X(nxl)z Z = Cixn) X (nx1)-

Then Y and Z are independent if and only if BC* = 0.
B

Proof We know that ( XZ[ ) = ( C ) .X. Then ( SZ[ ) ~
((k+1)x1) ((k+1)xn)
Bu B
N I, (BT C7T .
() (&)1 )
By multiplying the variance term we find
Y Bpu B.B” B.C”
~ N ) T T
Z Cu CB" C.C
Notice that this theorem uses both properties of the multivariate normal

Z
and the second property tells us that ¥ and Z are independent if and only
if cov(Y,Z) =0« B.CT =0=C.B”.

distribution. < Y ) is normally distributed because of the first property

We might also be interested if the above theorem holds in case of quadratic
transformation.

Let X ~ N,(0,I,,) and let C' be a nonsingular, symmetric matrix such that
Y = Bxn)X(nx1) and Z = Xam).C(an)X(nxl). Note that the first one is
a linear and the second one is a quadratic transformation. (Intuitively, we can

think in terms of scalars y=b.x vs. z=c.x?). Then we have
Z=XTcx=XxTcc'lcx=Cx)'.c'.CcX=g(CX)

the last equality tells us that the quadratic transformation is a linear func-
tion. Then if BT.C = B.C = 0 = Y and C.X are independent= Y and
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g(C.X) are independent=- Y and Z are independent. The following theorem
formalizes this:

Theorem Let X ~ N,(0,I,) and let C be symmetric matrix such that
Y = B(kxn)X(nXl) and Z = X(Tan)'C(nxn)X(nxl)~ Then if B.C' = 0, then Y
and Z are independent.

Corollary If (X, X5.....X,,) is a random sample from N(u,0?), then the

sample mean X and sample variation S? are independent. Note that X = B.X
and S? = XT.C.X.).

Theorem Let X ~ N,,(0,1,,) and let B, C be symmetric matrices such that

Y = XaXn).B(an)X(nxl) and Z = XaXn).C(an)X(nxl). If B.C =0, then Y

and Z are independent.

- I. O 0 0
~b-i.d k
Example Let (X1, X5.....X,,) N(0,1),B = ( 0 0o ),C ( 0T, >
Then B.C = 0, p)-

X1
I, 0 ",
. .
Vo= X B Xmxy = ( X1 . . Xn)< 0 0) . :ZXi
i=1
Xy
X1
0 0 . "
Z = Xy ComXaay = (X1 - Xa )(0 In—k'> IR

i=k+1
n

Notice from the summation indices that Y and Z are independent. Further-
more, in this special case where we had (X1, Xs.....X,,)~"*4 N(0, 1) assumption,
we have that

Y

T 7 (I O
X.B.XX.(O 0 X

Y = XTMX~ &7

We also want to know under which conditions of M, the random variable Y’
has a X2-distribution. The following theorem answers this question.

Theorem Let X ~ N,(0,1I,,) and let M be a symmetric idempotent matrix.
(i.e.M? = M, also called projection, e.g identity matrix: I,.I, = I,, ). Let K

be the rank of M. Then X7 .M.X ~ A2.
Proof Omitted.

X
Assume we have ( ) ~ N, <('UX),( Lxx  2xy >) . What is
Y/ (ux1) Hy dvx vy
the conditional distribution of Y given X = 27
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The following theorem provides an answer to this question.

-1 -1
Theorem Y | X =z ~ N (NY 2 yx - xx(X—Hx) vy — Xyx 2xx ZXY)
Proof Only an outline of the proof will be sketched. Let U =Y — py —
Yovx Z)_{IX (X — pix). Then we have the following observations

EU) = 0
cov(U,X) = 0= U and X are independent
EU|X) = EQU)
var(U | X) = war(U)
U
(&) ~»
U|X ~ N=Y|X~N

Lecture 11 / Week 7

Convergence

OUTLINE
1.) In Probability
2.) Almost Surely

Convergence in Probability

Definition Suppose we have a sequence (X,,)52,; of random variables. Let
X be a random variable. We say that X,, converges to X in probability if
lim P(|X, —X|<e)=1,ve>0.
n—oo
For instance take an event {w : |X,, — X| < €}. This event says that X,
is near X. Here the distance is expressed as absolute value. Then for n large

enough
P(X,—-X|<e)=1

Example Toss a coin infinetely many times. Call F;, := the frequency of
heads in the first n trials. It can be proved that F), converges in probablity to
1. (It can also be shown with a computer simulation.) Fix an e > 0.( it can be
as small as we want) and then take the event

1
{1F -3l <e)
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what the above definition says that

1 1
P{5 —¢ < Fy < 5 +e} > 0.9999...

if n is large enough.

The above definition can be expressed equivalently in terms of complement
event, i.e.

lim P(|X,, - X| < &)=1,¥e>0

(Xn—X[<e)® = (Xn—X[ 2¢)
Then the equivalent definition will be
lim P(|X, - X| > ¢)=0 ,Ve>0
n—oo
or

lim P(|X, - X| > &) =0 ,¥¢>0

n—oo
There are different notation for expressing this concept such as
X, - X
plim, . X, = X

Weak Laws of Large Numbers

Suppose we have X1,X5

........ Then the sample mean X,, =+ 3" X
follows B
X, - E(X)

under certain assumptions. The following theorem tells us under which
assumptions it holds.

Theorem (WLLN for uncorrelated r.v ) Let X;,Xs........ be a sequence
of random variables such that E(X?) < oo (i.e. second moment is finite) for

every n, then E(X,) = u,var(X,) = o2, where  and o do not depend on n.
Moreover let cov(X,,,X,,) =0 Vn,m. Then

X, =" n n-o

Note that this theorem makes the following assumptions: X,, are uncorre-
lated and E(X,),var(X,) are constant w.r.t n.(independent of n)

Proof The theorem says

lim P(|X, —p| > €)=0 ,¥e>0
- 1 & 1 — 1
; ) nz (X:) n;u = p

=1

S|
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We will use Chebishev Inequality to prove the result, i.e.

— 0_2

_ _ X,) <
lim P(|X, - E(X,)| > s)§0h%-gﬂgg—2::ég-e(),ms>0

Y 1 - uncorr 1 = 1 <
var(X,) = vav‘(g ZX’) = =) Zvar(Xi) =— Zoz =
i=1 i=1 i=1

Q

n

the number of heads in the first n trials
n b

Example Let F), := the frequency of heads , F,, :=
Fo— XitXot..dXy _ §
n n mn-

X 1 head at toss i
"1 0 tail at toss i

Note that X; are independent and independence implies no correlation.

1 1
PXl = 1:77PXZ:O = —
( )= 5 P(Xi=0) =
1 1 1
(X3) 2+ 2 2
1 1 1 1 1
X)) = -(1-2)P2+=0-2)=-
var(X) = (1-3)P+50-57=7
1
E(Xn,) = p=3
5 1
var(X,) = o =1
we can apply the theorem, hence
_ 1
X, — PEQ3=§

Suppose we have X1, Xs.... i.i.d random variables. F(X?2) < oco. Then we
can apply the previous theorem = X,, —¥ u.(n — o0)., since X,, satisfy the
hypothesis of the theorem. The indepence imply no correlation and since X,, are
identically distributed = E(X,,),var(X,) do not depend on n. In the following
theorem we will strive for a stronger result, in the sense that we will not require
a finite second moment as an assumption.

Theorem (WLLN for i.i.d r.v) Let X,, be a sequence of independent and
identically distributed random variables such that E(|X,|) < oo.(integrable).
This theorem guarantees convergence even though the random variable has in-
finite variance, i.e.

Let n = E(X,)
Then X, — Fu (n—o0)
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Suppose X,, — F(X;). FE(X) is the limit of the mean of X,, where X, is
a sequence of i.i.d random variables distributed as X. We have shown that the
above result holds for arithmetic mean.

Example Dice score E(X)=3.5

We wonder whether we can make any conclusion about the convergence of
geometric mean. This is an important consideration since in economics and
finance one often needs to use geometric averages. (interest rates, compounded
returns in the long term.) Suppose we have a sequence of nonnegative random
variables X1, Xo,..X,, > 0 and we consider the geometric mean

Geometric Mean (Xl.Xg....Xn)% —7

(Xl.XQ....Xn)% = (elogXl_elong'__.QIOan)%

Note that we can use this transformation since we have nonnegative random
variables.

1
1 n A\ n 1 5tn .
(elogXl'elong'”.eloan)n _ (EZi:110gX1) —en T, log X;

Suppose X; i.i.d <« logX; iid
1 n
=Y logX; — ¥ E(log Xy).
n
i=1

Lsn  logX;

en iz PeE(logXl).

—

So we have shown that the result of the theorem also holds in case of geo-
metric mean.

Theorem (Slutsky) Let X,, be a sequence of random variables converging
in probability to a nonrandom constant c. Let ¥ be a continuous function, then

Xn—>Pc

O(Xn) — Tile) n— oo
Example ¢(x) = e*. Since the exponential function is continuous, then
V(- S log X,) —" w(B(log X))
Example ¢(z) = \/z, z > 0, since square root is continuous, then

1 n
Lyoxr — rpx -
n

=1

\/ (X?+X?+..X2) — Pyu=y/EX})

1
n
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Almost Sure Convergence

Definition Suppose we have a sequence (X,,)5%; of random variables. Let
X be a random variable. We say that X,, converges almost surely to X if

P(lim X, =X)=1

n—oo

Since

P(lim sup|X, —X|=0)=1 < P(lim sup |X,, — X|<e)=1,¥e > 0.
n—oo n—=00 1>y
In the following we will show the relationship between the convergence in
probability and a.s convergence. The following holds

a.s convergence => p.CONVergence
P(lim sup |X,,—X| < &) =1,Ve>0.= lim P(|X,—X|<e)=1,Ve>0.

n—oo m>n n—oo
To see this, consider

sup | X, — X| > | X, — X|

m>n
then the event

sup | X, — X| < ecC|X, —X|<e¢
m>n
P(|X;m —X| < ¢e)>P(sup | X, — X|<e¢)

m>

then we can see that the fact that the supremum is smaller than € implies that
all the distances are smaller than e, therefore a.s convergence=-p.convergence,
but the reverse is not true. Note that the strong law of large numbers(SLLN))
is based on a.s convergence, whereas weak law of large(WLLN) numbers is
based on convergence in probability.

Theorem (Kolmogorov SLLN) Let {X,,} be a sequence of independent
and identically distributed random variables with E(|X,|) < co. Let E(X1) = p
and X, = 23" | X;. Then

X, —pu as

Proof Complicated, hence omitted.
Example Let F), := the frequency of heads, then

1
FIL — 5 a.s
F, 1iX X, iid
n - = i i LL
nizl
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In the following thereom we will see that Slutsky theorem carries over to a.s
convergence, it is even stronger since X,, — c is not required.

Theorem (Slutsky for a.s convergence) Let X,, — X a.s and let ¢ be
a continuous function. Then

V(X,) = ¢v(X) as
Proof Take a set M={w : X, (w) — X (w)}. By a.s. hypothesis P(M) = 1.
w € M:X,(w)— Xw) n—oo
bocont. (X)) — Y(X (@) n— 0
w € M then (X, (w)) = (X (w)) n—
P(Xn(w)) — P(X(W)) (n—o0)as

Generalizations

Within the WLLN we saw two cases:

1. X/ s are uncorrelated: This case can be generalized to weakly correlated
X! s. = weakly stationary processes

2. X!'s are i.i.d: This case can also be generalized to weakly dependent
X! s. = strictly stationary processes.

Definition A time series process is a sequence of random variables
Xi(t =1,2,3....) where the random variables are indexed by time.

Definition A sequence of random variables X; is called strictly station-
ary if for every m, the probability distribution of (X¢, X¢y1,....X¢4rn) does not

depend on t.

m = 1:prob. dist X1 =p.d X5 =p.d X3
m = 2:prob. dist (X1,Xs2) =pdof (Xa,X3) =pdof (Xs3,X4)

Example X,, are i.id. = X, is strictly stationary

th7Xt+1<~~-Xt+7n (1‘0 """ l‘m) = Hf(‘rl)

so the the distribution does not depend on t. What matters is the time
lag.(m)
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Example Suppose Z,, are i.i.d and X,, = Z,, + Z,, 411
Xn is strictly stationary (Xt, Xt+1, ~~~-Xt+m):(Zt+Zt+17 Zt+1+Zt+2 ..... s Zt+n+Zt+n+1)

If {X,,} is strictly stationary, then X7, Xs.... are identically distributed. The
probability distribution of X; does not depend on t.

i.i.d = strict stationarity

strict stationarity = tdentical distribution

So note that, strict stationarity does not imply independence.

Definition A sequence X; of random variables is weakly stationary if
E(X?) < ooVt and E(X;) = u, cov(Xy, Xpvm) = v(m)(m = 0,1,...).(Note that
m=0= variance)

when p and vy(m) do not depend on t.

Example Suppose we have weakly stationary process, then

m = 1:E(X))=E(Xs) = E(X3)...

m = 1l:var(Xy)=Var(Xs2) = Var(Xs).....

m = 1:cov(Xy,Xs)=cov(Xa, X3).... = cov(X17, X18)
m = 0:cov(Xy, Xy) = var(Xy)

m = 2:cov(X1,X3) = cov(X14,X16)

Lecture 12 / Week 7

Convergence in Probability

The first part of the lecture on the "Extension of the WLLN to Stationary
Time Series" can be found in the handout given by Prof. Fortini.

Sofar we defined the theorems on convergence in probability for random
variables, but these theorems can be extended to random vectors. Then

X, X, : random vectors
convergence in probability can be expressed now
P(|X, —X]||>e) =0 n—oo

where we used Euclidean norm(||x||=vz”.z = \/X?) instead of the ab-
solute value. Slutsky Theorem and Law of Large Numbers carry over to random
vectors.
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Convergence in Distribution

We will use a completely different notation than we used before in case of
convergence in probability or a.s.
Suppose X,, are random vectors and X is a random vector. We define

F, : = the distribution function of X,
F . = the distribution function of X
F(z) = PX <z

Definition X, converges in distribution to X if F,(z) — F(z) n — oo
for every x where F' is continuous. Note that the distribution of X,, converges to
the distribution of X, not X,, to X. in other words, suppose X,,, X are random
variables then

Pla< X, <b)=F,(b) — Fp.(a) = F(b) — F(a) = Pla< X <)
if F is continuous in a and b.

Pla < X,<b)—Pla<X<)h)
P(X, € A)— P(XeA)

for most of the Borel sets A. (not every, because we have the condition that
b is a continuity point, recall that the distribution function is right-continuous.)
If n is large enough

P(X,c€A)~P(X eA)
for most of the Borel sets.

Example Assume that X,, have exponential distribution(n).
fu(z) = n.e "1 0 ()
F.(x) = /; fn(8)ds = (1 —e™"%).1j0,00) ()
X, — 9, n—o

n — oo lim (1—e"").1 ) (7) = 1(,00)(T)

n—oo

Insert here Figure 28

Note that the limit distribution is a constant function (1jg )(2)) which is
not continuous at x=0, but we are not concerned.

Insert here Figure 29
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Fo(Z)n—o0 = ljo,00)(®) where F'is continuous
We will use the following notation
X, — ‘X
X, — X ~N(0,1)
or directly
X, — 4N(0,1)
Note that

n:v)

n—oo lim(l1—e” .1[0700)(50) = 1(0700)(x)

n—oo
is not a distribution function since it is left-continous but not right-continous,
i.e. F(07)=F(0), that’s why we define as

Fr(Z)n—o0o = ljo,00)(x) where F'is continuous

Insert here Figure 30
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The Relation between Convergence in Distribution and Probability

Convergence in Probability = Convergence in Distribution
X, —» Px=X,-%Xx
The converse is not true in general. It is true if X is constant. Therefore
Xn —de= X, =t e
In other words when the limit is constant

—>p:—>d

Continuous Mapping Theorem If X,, —% X and ¢ is a continuous

function, then
6(Xn) = $(X)
Example X, —¢ N(0,1)
X2 = ¢(X,) = ¢(X) with X ~ N(0,1)

2

since ¢(x) = x* is a continuous function, the assumption of CMT holds.

X2 - X?

n

Example Let X,, —¢ Ny(0,I;) (i.e. X ~ (0,Iz) ) and M an idempo-
tent,symmetric matrix. Consider the following transformation.
X M. X, = ¢(X,)
note that ¢ is a continuous function.
XIM.X, =¢(X,) = (X)) =XT.M.X ~ X?

where r=rank(M), this is an example of an asymtotic result often used in
statistical inference.

Suppose we have

X, — X
Y, — v

then we have a continuous function ¢(z,y). Is it true that

&( X, Yn) —¢ p(X,Y)
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the answer is no in general. But, the following theorem tells us under which
condition it holds.

Theorem Let

X, — %X

Y, — ‘e
and let ¢(x,%) be a continuous function. Then ¢(X,,Y,) —% ¢(X,c).
Example Let T, ~ Student — t(n). Then
T, —* N(0,1)

this result is a consequence of the previous theorem. (One can check that
looking at the tables at the end of any statistics book, for high n the distributions
are very similar.) Consider

Xy,
T, =

Yy
X, ~ N(0,1)
Y, ~ &%)

Exercise Let X,, —¢ N(0,1) and show that % —< 1. Hint: use the fact
that Y,, = Z2 + Z2..., together with the law of large numbers.
So, we can express it i.t.o the previous theorem, i.e

qb(x,y) = ﬁ

note that ¢ is a continuous function. Then the theorem says

=) —>d¢(X,1):%:X~N(O,1)

note that we used the result in the previous exercise.

Central Limit Theorem

Theorem (Lévy) Let X, be a sequence of independent and identically
distributed random variables with E(X,,) = p and var(X,) = 0 < co. Then

\/E(Xn - HJ) ‘}d N(Oa 02)

This is one of the most important, hence mostly applied theorems in statistics
(See CLT simulation.)
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We would like to generalize this result in case of an continuous function ¢.
Does /n(é(X,) — ¢(u)) converge in distribution?

Suppose ¢ is continuously differentiable function, s.t. ¢ : R — R. By prop-
erties of derivative

Va(d(X,) = ¢(1) = V(e (n+ A Xn — ) (X — 1)

where we used Taylor expansion

$(x) = ¢(wo) + ¢ (o + Az — 20)).(z — z0)

Vi(o(Xn) — o) = (& (n+ MNXn — 1) vVn(Xn — 1)

0o CLT:/n(X, —p) —¢ N(0,0%)

oo WLLN: X, —f 4

Vao(X) — o) = (6 (1 + MXn — 1) vVn(Xn — 1) =% ¢ (1).Z ~ N(0,0%.¢ (1)?)

where Z ~ N(0,0?).

—
—

This result on mean can be generalized also for other moments, using CLT+Delta
Method as long as ¢() is a continuous function.

Theorem Let X, be a sequence of i.i.d random variables of size k with
E(X,) = p, var(X,) =>_. (i.e. the second moment is finite.) Then

Vi = 1) =4 Ne(0,Y))
Suppose we have ¢ : R¥ — R™ continuously diffentiable. Then
Vi(e(Xn) = ¢(1) =% N (0, A1) Y Ad(x)™)

where A¢(p) is computed as follows

9¢1 9¢y
oxq : : Oxy
Bo@) = | j
09, 0,
ox1 : : Oz
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